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Chapter 1 
INTRODUCTION 
1 .1 General 
Intersecting cylinders occur in many engineering installations 
such as boilers, pressure vessels, networks of pipes, pipe connections, 
reactor components, and off-shore oil-drilling towers. It is well known 
that a problem of stress concentration in the regions of intersections 
arises in these structures. Therefore, knowledge of the maximum stress, 
and the stress distribution in the junction of intersecting cylinders is 
of great importance in order to insure proper and safe designs. However, 
a proper method of stress analysis of these junctions has not been gen-
erally available. 
Because of the complicated geometrical shape of the inter-
section region, a direct attack on the problem of stress analysis of 
intersecting cylinders was not possible until very recently. Early 
workers in this field followed several approaches to simulate cylinder-
to- cyl i nder i ntersecti ons. 
Yuan l rederived Donnell1s equation for thin shells 2 and used 
it to solve the problem of thin cylindrical shells subjected to two equal 
and opposite concentrated forces acting at the ends of a vertical diameter. 
Hoff, Kempner, and Pohle 3 studied the problem of cylindrical shells sub-
jected to line loads applied along a small segment of a generator. 
Bijlaard 4 presented solutions in the form of tables and charts for the 
stresses and displacements in cylindrical shells caused by radial loads 
transmitted through various attachments. 
2 
Lur'e 5 was the first to treat the problem of a cylindrical 
shell weakened by a circular hole. He used equations derived from the 
shallow shell theory and wrote the solution in the form of a series of 
products of Krylov and Hankel functions. His results were limited to 
small values of hole diameter to shell diameter (d/D), and also small 
2 
values of the parameter d /DT (d being the hole diameter, 0 the shell 
diameter, and T is the shell thickness). The same problem wa~ treated 
in essentially the same manner by Van Dyke,6 Eringen, Naghdi, and Thiel, 7 
and Lekkerkerker. 8 The hole to shell diameter ratio in these studies 
was limited to small values, typically ~ one-fourth. 
The actual problem of the stress analysis of cylinder-to-
cylinder intersection was first studied by Reidelbach. 9 He used Donnell's 
equation for both the intersecting and the intersected cylinders. In 
Ref 8 Lekkerkerker questions the use of these equations and raises doubt 
about the possibility of obtaining a numerical solution when the two 
cylinders are of equal radii without encountering numerical difficulties. 
Eri ngen and Suhubi, 10 and Eri ngen, Naghdi, Mahmood, Thi el, and 
Ariman11 presented solutions in the small diameter ratio problem, diD ~ 
one-fourth (d being the intersecting cylinder diameter, and 0 that of 
the intersected cylinder). Their solutions were based on the use of 
Donnell's equation. Yamamoto, Isshiki, Hamada, Hayashi, and Ukaji 12 
tackled a similar problem using Flugge's equation for the intersected 
shell and Donnell's equation for the intersecting shell. Comparison of 
their analytic solutions with experimental results showed good agreement. 
It must be noted that in the"case of the small diameter ratio 
3 
problem several assumptions and approximations were made in order to 
simplify the analysis. The intersection curve, for example, was approx-
imated by a circle in the developed surface. The end of the intersecting 
cylinder was assumed to be flat. These and similar assumptions no longer 
hold for larger values of the ratio of diameters. 
Bijlaard, Dohrmann, and Wang 14 tackled the problem when the 
two intersecting shells are of equal diameters. They formulated the pro-
blem using Flugge's equation, but gave no numerical examples. The same 
problem was treated by Van Campen 15 using Morley's equation. He too 
did not give any numerical examples. 
In the late 50·s and early 60's a great deal of activity was 
directed towards experimental investigations of the stress distribution 
in shell intersections. An extensive program of photoelastic and steel 
model studies was performed under the auspices of the Pressure Vessels 
Committee of the Welding Research council. Taylor, Lind, and Schweiker 9 16 
and Taylor and Lind 17 reported results of three-dimensional photoelastic 
studies of reinforced shell intersections. Unfortunately, as Mershon 18 
pointed. out, the results of these studies can not be used to check the 
validity of theoretical solutions due to scatter of the photoelastic 
data. 
Results of experiments on Has supplied ii steel models were re-
ported by Hardenbergh and Zamrik. 19 Ril ey 20 reported results for spherical 
and cylindrical shells subjected to a variety of loadings. 
At present a program is under way at Oak Ridge National Labora-
tory to test several machined steel models under a variety of loadings. 
4 
Corum, Bolt, Greenstreet, and Gwal tney 21 ,22 reported results of tests on 
two of these models. 
Since the emergence of the finite element method as a powerful 
tool of stress analysis a number of solutions of the problem of stress 
distribution near thin-shell cylinder-to-cylinder intersections have 
appeared in the literature. Prince and Rashid 23 used flat triangular 
plate bending elements for shell analysis. As an example to show the 
capability of their program, they analyzed the ONRL model of Ref 22. 
Their results for the internal pressure loading were in reasonable agree-
ment with experimental values. The same model was analysed by Corum, 
et al. 21 ,22 using a program originally developed by Greste 24 to analyse 
tubular joints~ The element used in Greste's program is a flat rectangular 
element that included bending and membrane behavior. Numerical results 
obtained using this program showed generally good agreement with experi-
mental values. Finite element analysis of the model tested by Riley20 was 
reported by Peterson and Kulunk. 25 Analysis of inclined intersections 
along with normally intersecting cylinders was given by Ando, Yagawa, 
and Kik.uchi.26 The element used in their study was based on Novozhilov and 
Mushtari-Vlasov shell theory. 
1.2 Objective and Scope 
It is clear from the above review of previous work in the subject 
area that a reliable general analytical method of stress analysis of 
cylinder-to-cylinder intersections is not yet available. With regard to 
the finite element solutions, the follbwing is noted: 
5 
1. Whenever flat elements are used, the smooth shell surface 
is represented by a faceted surface. This geometric approx-
imation introduces an error in the analysis, however, the 
magnitude of the error diminishes with refinement of the 
mesh; and 
2. In thin shell theory, rotation about the normal to the shell 
middle surface is usually neglected. This introduces a 
problem at shell intersections because neglect of the rota-
tion about the normal of one shell restricts bending in 
the other shell. The error introduced in this case is not 
affected by mesh refinement. 
In view of the foregoing, the object of this study is the develop-
ment of a numerical procedure for the stress analysis of intersecting 
cylinders. To this end, the finite element method is used. The structure 
is modeled by three-dimensional elements along the intersection curve, 
and by curved shell elements everywhere else. The study is limited to 
elastic, isotropic, and homogenous materials. The effectiveness of the 
procedure is demonstrated by solving simple problems and comparing the 
results with available experimental studies whenever possible. 
1.3 Notation 
The symbols used in this work are defined where they first appear. 
For convenience they are summarized below: 
A 
A = a vector orthogonal to both B and the normal to the shell 
middle surface, N. 
6 
a = normalized A. 
a. = components of a. 
1 
m 
a. = component i of g at node m. 
1 
a. = a column of arbitrary constants. 
1 
a = side length of a plate, or length of a beam. 
A8 = original superisoparametric (Ahmad IS) shell and plate 
element with 8 nodes. 
A8R = Ahmad's element modified by using the 2 by 2 integration 
order. 
A13 = Ahmad1s element modified by adding five incompatible 
displacement modes. 
A'k = a 2x2 matrix which is the product of the transposed 
rotation matrix at and the Jacobian matrix for Ahmad's 
element. 
A33 = a number which is produced by the multiplication of the 
third row of et and the third column of the Jacobian 
matrix for Ahmad's element. 
B = a vector orthogonal to both A and the normal to the shell 
6. 
1 
b~ 
1 
b .. 
1J 
b 
middle surface N. 
A 
= normalized b. 
= components of b. 
= component i of b at node m. 
= a matrix of arbitrary constants. 
= width of a beam or plate. 
[c] 
d 
o 
E 
A 
e. 
1 
H 
h 
7 
= Transformation matrix to transform three-
dimensional displacements to equivalent shell 
displacements. 
= hole diameter, or intersecting cylinder 
diameter. 
= intersected cylinder diameter. 
= modulous of elasticity. 
= material properties tensor of elasticity 
= material properties tensor for shells. 
= vectors along the isoparametric coordinate lines. 
= thickness of larger shell. 
= thickness of smaller shell, thickness of single 
plate or shell. 
H.,H.,H ,H"k = Weighting coefficients of numerical integration. 1 J n lJ 
I = moment of inertia. 
J .. ,J = Jacobian matrix of the transformation. lJ 
IJ I = determinant of the Jacobian matrix. 
K = stiffness matrix of the entire structure. 
K = stiffness submatrix corresponding to com-
cc 
patible displacements. 
= Stiffness submatrix corresponding to incom-
patible nodes. 
= submatrix of cross-stiffness coefficients. 
K~~ 
lJ = element stiffness matrix. 
K' = element stiffness modified by static conden-
sation of incompatible modes. 
8 
KT = stiffness matrix of transition element. 
K = stiffness matrix of shell element which is to be trans-
s 
formed into a transition element. 
K = nonsingular stiffness matrix of the entire structure 
r 
after applying the boundary conditions. 
M = moment applied to a beam. 
Nm = isoparametric shape function at node m. 
-m N.. = psuedo-shape functions for superisoparametric element. 
1J 
N4 = bilinear two-dimensional isoparametric element. 
N6 = bilinear two-dimensional isoparametric element with in-
compatible displacement modes. 
N8 = trilinear three-dimensional isoparametric element. 
Nll = trilinear three-dimensional isoparametric element with 
incompatible displacement modes. 
P = load vector for the entire structure. 
P = load vector corresponding to compatible displacements. 
c 
PI = load vector corresponding to incompatible displacements. 
P~ = component i of the load at node m. 
1 
PT = load vector of the transition element. 
P = load vector of the shell element which is transformed 
s 
into a transition element. 
p = pressure. 
q = distributed surface loads. 
R = .outside radius of the larger cylinder. 
o 
ro = outside radius of the smaller cylinder. 
9 
s,t = surface coordinates of shell. 
U = displacement vector for the entire system. 
U = vector of element displacements corresponding to 
c 
compatible modes. 
Ur = vector of condensed element displacements. 
Us = shell-type displacements of a transition element. 
Ut transition element displacements. 
aU = variation of internal valko 
u~ = displacement in direction i at node m. 
1 
oU{ = virtual displacement. 
U,V,w = displacements in the global x,y, and z directions, 
oW respectively. 
W = external work produced by distributed loads. q 
Wp = external work produced by internal pressure. 
= variation of external work. 
W~~ = four-dimensional array used in the calculation of the 
element stiffness matrix. 
x,y,z = global coordinates. 
x. = global coordinate in direction i. 
1 
x~ = global coordinate in direction i at node m. 
1 
Xl = nonglobal coordinate system. 
a,S = rotations of the normal to the shell middle surface 
about orthogonal axis normal to it. 
~~ = difference of coordinates between the top and bottom 
1 
surfaces of the shell. 
i o .. ,0 . lJ J 
E •• lJ 
E~ . lJ 
OE .. lJ 
81 ,82 
* 8 
8 .. lJ 
A 
10 
= Kronecke delta = 1 if i = j {O if i ~ j} 
= the strain tensor in the global system. 
= the strain tensor in local orthogonal system. 
= virtual strains produced by virtual displacements. 
= rotations at nodes 1 and 2, respectively, of the 
actual beam. 
= nodell rotations of an isoparametric element. 
= direction cosine matrix. 
E 
= (1 + v)(l -.2\)) 
E 
= 2(1 + VT 
= Poisson ratio. 
= isoparametric coordinates. 
n n n ~ ,n ,s = nodal values of the isoparametric coordinates. 
0ij = stress tensor in the global system. 
o~ . = stress tensor in the local system. lJ 
[¢] = matrix of interpolation functions 
¢~. = array used in the definition of the displacement lJ 
field of superisoparametric element. 
11 
Chapter 2 
THE FINITE ELEMENT METHOD 
2.1 General 
The finite element method is a very powerful technique for 
numerically solving many complex field problems. It has been successfully 
applied to the solution of a wide range of problems in structural and 
continuum mechanics. The central idea of the finite element method is that 
a real continuum which has an infinite number of degrees of freedom can be 
replaced for the purposes of analysis by a discretized analogue, called 
the finite element model. The model is composed of a linear combination 
of a finite number of subregions of the continuum, called elements, with 
a finite number of identifiable points within, and on the boundaries of each 
element, called nodes or joints. Each joint has associated with it a finite 
number of degrees of freedom. The characteristic behavior of each element 
can be developed as if it were isolated from all other elements in the 
model, and the behavior of the entire model is obtained as the sum of the 
contributions of all of its elements. 
2.2 The Displacement Method 
The displacement formulation of the finite element method was 
adopted in this work. There exists a number of excellent texts 27 ,2S,29 
that cover the details of this subject adequately. However, for the sake 
of completeness a brief sketch of this formulation is presented in the 
sequel. 
12 
In the displacement method, the displacement field, u, within each 
element is defined in terms of displacement functions, ¢, as 
{u} = [¢(x,y,z)] {a} (2. 1 ) 
where 
{ 
u(x,y,z)} {u} = v(x,y,z) ,{a} = 
w(x,y,z) 
and n is the number of generalized coordinates, a, which is equal to the 
number of degrees of freedom of the element. The X-,y-, and z-coordinates 
appearing above are not necessarily the global coordinates. 
Equation 2.1 can be solved for the generalized coordinates, a, in 
terms of generalized nodal displacements. By using the strain-displacement 
relation and the constitutive law, the stresses within each element can be 
calculated in terms of the generalized nodal displacements. 
The contribution of each element to the strain energy of the 
system can be calculated from the distribution of the strains and stresses 
within each element. The strain energy of the entire system is then obtained 
by adding the contributions of all its elements. Employing the principle 
of minimum potential energy yields a set of linear algebraic equations 
relating the generalized nodal loads, P, to the generalized nodal displace-
ments, U, 
P = K U (2.2) 
which is the set of the equilibrium equations of the system. K is the 
stiffness matrix of the entire system .. In this formulation, it is 
characterized by being symmetric, banded, sparsely populated, and positive 
13 
semi-definite. Therefore, from the point of view of computing efficiency, 
the solution method of Eq. 2.2 must take advantage of these characteristics, 
as the II Fronta 1" techn i que, to be descri bed 1 a ter, indeed does. However, 
before the solution of Eq. 2.2 can proceed, the boundary conditions must be 
imposed. 
By solving Eq. 2.2, after modifying it by incorporating the 
boundary conditions, the spatial description of the displacements can be 
recovered from Eq. 2.1. With the displacements known everywhere within the 
model, all other quantities of interest to the analyst, such as stresses 
and strains, can be routinely evaluated wherever desired. 
2.3 Criteria of Convergence 
The procedure delineated in the preceding section provides a set 
of displacements (and stresses) for the idealized model which is generally 
different from that of the real continuum. By increasing the number of 
nodes, i.e. by increasing the total number of degrees of freedom of the 
finite element model, a process known as refining the mesh, other sets of 
displacements are obtained. In order to gain confidence in the finite 
element solutions, one must be assured that as the process of refinement is 
continued the series of finite element solutions converges to the true 
solution of the real continuum. For this to occur two conditions must be 
placed on the choice of displacement functions: 
1. Completeness of the displacement field, u, must be ensured. 
This, in turn, ensures that the energy represented by the functional includes 
the possibility of a constant energy state in each element. This requirement 
is sometimes equivalently expressed by stating that the displacement 
14 
expansion should include "constant strain" and "rigid body" states. 
2. The displacement expansion must ensure continuity of the 
displacement field at interelement boundaries at least for the states of 
constant energy in the region R.30 
Except for these two requirements, there is a great latitude in the 
choice of displacement functions. However, the rate of convergence of the re-
sults depends on the proper selection of these functions. 
2.4 Isoparametric Elements of Two- and Three-Dimensional Elasticity 
The basic concepts of this family of elements were first introduced 
by Irons 31 and were later developed and popularized by Zienkiewicz and his 
group at Swansea. 27 ,32,33 Many of these elements have been widely used 
for two- and three-dimensional analysis due to their versatility, efficiency, 
and remarkable ease of programming. The general formulation of the isopara-
metric family of elements is described here, while the details of element 
stiffness formation and stress calculation are dealt with in a subsequent 
chapter. 
A local curvilinear set of coordinates, ~i' called the isopara-
metric coordinates, is established such that each coordinate, ~i' varies 
from -1 to 1 between opposite faces of the element (Figures 1, 2, 3 and 4). 
A transformation of coordinates between the global cartesian set and the 
local isoparametric set is effected by using interpolation functions, Nm, 
thus 
X. = Nm X~ 
1 1 
(2.3) 
where 
15 
X. = global coordinate in direction i 
1 
Nm = Nm(~,n,s) = shape function for node m 
X~ global coordinate of node m in direction 
Here, i ranges over the number of cartesian coordinates of the problem, and 
m ra nges over a 11 the nodes in the element. (Herea fter, the index nota ti on 
and the summation convention are assumed to apply unless indicated othenvise.) 
We remark here that the shape functions, Nm, have the following properties: 
(2.4) 
(2.5) 
Using the same shape functions as used in the definition of 
coordinates, the displacement field in the element is defined as 
u. = Nm uf!1 
1 1 
(2.6) 
where 
u· = displacement of any point in the element, in direction i, and 1 
ur = displacement of node m, in direction i. 
The use of the same shape functions in the definition of both global 
coordinates and the displacement field gives rise to the designation of the 
elements as "isoparametric". 
That the isoparametric elements satisfy the criteria of convergence 
can be shown in the following manner. 
First, consider rigid body displacements of the nodes. This is 
satisfied by a displacement of the form 
u 0 = a 0 + b 0 oX 0 
1 1 lJ J 
(2.7) 
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where a1, and b .. are arbitrary constants. At node m Eq. 2.7 yields lJ 
u~ = a· 1m + b .. x~ (2.8) 
1 1 lJ J 
where each 1m is unity. Substituting Eq. 2.8 into Eq. 2.6 we obtain 
u. = a. 1m Nm + b.. Nm xn: 
1 1 lJ J 
(2.9) 
Upon noting that: 
1) Nm xj = Xj by virtue of Eq. 2.4, and 
2) Nm 1m = I Nm = 1, 
Eq. 2.9 becomes identical to Eq. 2.7. 
By a similar argument it can be proved that the isoparametric 
displacement field satisfies the constant strain condition. 
Next, we show that the stronger condition of interelement compat-
ibility of displacements is satisfied. Indeed this is the case since the 
deformations of an element face are solely determined by the displacements 
of the nodes lying in that face. Therefore, compatibility of displacements 
between adjacent elements is maintained. 
In many instances shape functions are generated by inspection. 
For example, consider the elements of Figures 1-4. The shape function for 
any node can be formulated as the product of the equations of the lines or 
surfaces passing through all the other nodes in the element. In general, 
however, they are generated by recognizing their character as products of 
Lagrangian interpolation functions as evidenced from Eqs. 2.4 and 2.5. 
Since, using Lagrangian interpolation, it is always possible to pass an 
(n-l) degree curv~ through n given points, the number of nodes along an 
edge of an isoparametric element determines the element behavior along that 
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edge. Thus, elements with corner nodes only, Figures 1 and 3, are linear 
elements because displacements along their edges are linear. The shape 
functions for the two dimensional linear element are 
(2.10) 
where c;m, nm = ± 1, and m = 1, ... , 4. 
For its three-dimensional counterpart, Figure 3, they are 
(2.11) 
where ~m, nm, rm = +_ 1 and m - 1 2 s ':> , , , . .. , 8. 
Elements with three nodes along each edge, Figures 2 and 4, are quadratic 
elements. The shape functions for the two-dimensional quadratic elements, 
Figure 2, are: 
~:1i d-si de nodes: 
c;m = 0, Nm=t(l c;2)(1 + nnm) 
nm = 0, Nm=t(l n2) (1 + c;c;m) 
whe re m = 1, 2, ... , 8. 
(2.l2a) 
(2.12b) 
(2.l2c) 
It should be remarked here that not all edges need have the same 
number of nodes, nor should nodes be confined to the edges of elements. It 
should be further remarked that the number of nodes used in the definition 
of displacements need not equal the number used for the definition of 
coordinates. We shall make use of these remarks in our subsequent work. 
3.1 General 
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Chapter 3 
THIN SHELL ANALYSIS 
A shell is defined as the solid material enclosed between two 
curved surfaces. The distance between these surfaces is the thickness of the 
shell, h, which is always small compared to the other dimensions of the shell. 
The surface which bisects the thickness is known as the middle surface. By 
specifying the form of the middle surface, and the thickness at each point 
the shell is geometrically defined. 
If the thickness of the shell is small compared to its minimum 
radius of curvature, the shell is considered thin, otherwise it is thick. 
A figure of 20 is usually considered the lower limit on the radius to thick-
ness ratio in order for thin shell theory to apply. This study is concerned 
with thin shells. In addition, in view of the objectives stated in 1.2, 
we will limit our discussion here to the class of linear, elastic, isotropic, 
and homogeneous materials, and to the small deflection theory. 
Any point in the shell can be located by its global coordinates. 
Alternatively, a curvelinear set of coordinates (s,t,n), called shell 
coordinates, can be established to locate points within the shell', where s 
and t are tangent to the middle surface, and n normal to it (Figure 5). 
Shell theory is concerned with reducing the three dimensional stress problem 
of elasticity to two dimensions for that particular class of structures, 
the two dimensions being the shell coordinates, sand t. This objective may 
be realized if the deformations of any point in the shell can be uniquely 
described in terms of the displacements of the middle surface. To be able 
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to do this, it is necessary to make certain kinematic and geometric 
assumptions, which are described in the sequel. 
The most important assumption is the well-known Kirchoff hypothesis 
which is analogous to the Bernoulli assumption in beam theory. This assump-
tion states that lines that are initially straight and normal to the middle 
surface before deformations, remain straight and normal to it after the 
deformations take place. The use of this assumption enables one to calculate 
strains, and hence stresses, anywhere in the shell provided the deformed 
shape of the middle surface is known. The normal stress, on' however, is 
not determined by this assumption. It is usually assumed that on is 
negligible in comparison with the membrane and shearing stresses. 
Another assumption concerns the variation of strains across the 
thickness of the shell. The assumption made is that the strain varies 
linearly across the thickness. 
Finally, in order to be able to write the stress resultants in 
terms of the coordinates sand t only, dependence on the normal coordinate, 
n, is eliminated by integrating the stresses through the thickness, resulting 
in a set of moments and in-place forces. 
The use of these assumptions l~~~~ Icau~ to a set of partial differential 
equations consisting of three groups: 
1. Equations of equilibrium of the shell. 
2. Equations relating moments and in-plane forces to curvature 
changes and extensions of the middle surface. 
3. Equations expressing curvature changes and extensions of 
the middle surface in terms of displacements of the shell. 
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Further assumptions regarding various terms in these equations 
are still necessary. One thin shell theory is distinguished from another by 
which terms are neglected and which ones are retained primarily in the 
strain displacement equations but a few neglect terms in the equilibrium 
equations. Even then, closed form solutions are possible only for the 
simplest of geometries and boundary conditions. 
Solutions of shell problems are usually obtained by numerical 
techniques. One approach is to apply a numerical method, such as finite 
differences, directly to the governing differential equation. Alternatively, 
the governing equation can be circumvented by discretizing the shell into an 
assembly of "elements" whose strain-displacement and constitutive relations 
can be established. This procedure leads to a set of linear, simultaneous, 
algebraic equations which is the discretized analog of the equilibrium 
equations. The lumped parameter 34 ,35 and the finite element methods are 
examples of this latter approach. Only the finite element approach is pursued 
in this study. 
3.2 The Finite Element Method in Shell Analysis 
In its initial development, the finite element method was largely 
concerned with the direct stress problem. Its application to plate and 
shell problems, which came much later, has now become one of the most active 
areas of development in this field. 
In the early finite element analysis of shells, flat plate elements 
were used in the discretization. This was due to the fact that good plate 
elements were already developed. It was a simple matter to extend their use 
to shell type structures. Shell action is obtained from the superposition 
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of membrane and bending behaviors. Generally good results were obtained, 
provided sufficiently fine meshes were used. This is perhaps one of the 
reasons for the continued use of flat plate elements in shell analysis. 
Typical of this class of elements are the quadrilateral element of 
Hsieh, Clough, and Tocher,24,36 and the triangular element of Chu and 
Schnobrich. 37 ,38 
Another type of flat plate element frequently used in shell analysis 
is the Hermann 39 "mixed model II triangular element. Its formulation is based 
on Reisner's variational principle,40 which includes both the moments and 
the displacements as primary variables. 
The use of flat plates to solve shell problems has several drawbacks: 
1. The actual shell geometry of the smooth, curved shell surface 
is replaced by a faceted, folded plate-like structure. However, 
the error introduced by this approximation tends to diminish 
with refinement of the mesh. 
2. The coupling of bending and membrane behaviors which is present 
in curved structures is absent in flat plates. 
·3. Compatibility of the flat elements is lost when they are used 
to represent curved structures. 
The development of acceptable curved shell elements, on the other 
hand, was impeded by certain difficulties. Gallagher41 in his excellent 
survey article has outlined these difficulties as: 
1. The choic~ of an appropriate shell theory. 
2. Description of the geometry of the element. 
3. Representation of the rigid body modes of behavior. 
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4. Satisfaction of requirements related to continuity of 
displacements. 
Many elements were developed which had some of these difficulties, 
and were used with varying degrees of success. 
Bogner, Fox, and Schmit42 developed an element, rectangular in 
plan, for cylinderical shells. The formulation is based on Novozhilov shell 
theory. They used first order Hermitian interpolation functions for the 
displacement expansion in shell coordinates. The nodal unknowns include, 
in addition to the three displacements, various derivatives of the displace-
ments with respect to shell coordinates, resulting in 12 degrees of freedom 
(DOF) at each of four nodes. 
Pecknold and Schnobrich 43 introduced a doubly curved parallelogram 
element for the analysis of skewed shells. The element is based on shallow 
shell theory and has the usual 5 DOF per node. Rigid body modes were 
introduced by forcing zero strain under rigid body displacements. The 
inplane displacements are not compatible when rigid body modes are included. 
Two triangular elements were introduced at the second Wright 
Pattersori conference. The first was by Strickland and Loden44 and the 
second by Bonnes, Chatt, Giroux, and Robichaud. 45 Both elements are based 
on shallow shell theory, and are deficient in the representation of rigid 
body modes. In addition, the normal displacements of the first element are 
incompatible. Since that time a number of elements have been reported in 
the literature. 
The difficulties in satisfying the compatibility requirements stem 
from attempts to enforce the Kirchoff hypothesis, as pointed out by Irons 
and Draper. 46 This hypothesis is used in classical analysis as a simplifying 
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assumption. Unfortunately, in finite element it complicates rather than 
simplifies matters. Theoretically, transverse shear deformations lead to 
cubic displacements of the normal (Figure 6). This displacement pattern 
results, correctly, in zero shear strains at the top and bottom surfaces of 
the shell. Since the transverse shear effects are generally small, the 
cubic varaition of the displacements of the normal can be approximated, to 
a high degree of accuracy, by a linear function. In this case, the rotations 
of the normal are no longer those of the middle surface. This is the approach 
suggested by Reisner 47 in his paper on plate bending. 
Melosh 48 developed a triangular plate element in which the trans-
verse displacements and rotations of the normal are treated as independent 
unknowns, thus relaxing the Kirchoff hypothesis. 
Clough and Felippa 49 developed a conforming quadrilateral element 
which includes shear rotations of the normal, independent of the rotations 
of the middle surface. 
Relaxation of the Kirchoff hypothesis, unfortunately, is not 
without problems. It has been found that the convergence rate of the Melosh 
type elements is slow. The slow rate of convergence is due to the fact that 
the transverse shear energy, which in reality is only a very small part of 
the total strain energy, contributes more than its fair share to the total 
strain energy of the element. This results in the element stiffness being 
too high, and, consequently, the deflections being too small compared with 
the correct values. Th~ process of convergence to the correct values, 
therefore, requires a high degree of mesh refinement. A way of avoiding 
this problem was suggested by Wempner, Oden and Kross.5o It consists of 
imposing constraints to enforce the Kirchoff hypothesis only at selected 
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points. The total number of degrees of freedom, as a result, is reduced, 
and convergence to thin shell values is achieved at a faster rate. 
Finally, an entirely different approach to shells is to revert back 
to three-dimensional analysis. This approach is not feasible in classical 
analysis because of the difficulties in obtaining solutions. With the advent 
of the high speed digital computers, and the subsequent development of the 
finite element method, full three-dimensional treatment of any structure is a 
rather simple matter. Although there are no theoretical limitations, 
constraints of economy, efficiency, and machine size prohibit the use of 
three-dimensional analysis except when it is absolutely necessary. 
The advantage of this approach is that no assumptions other than 
those customarily used in elasticity need be made. Furthermore, any 
distinction between the various structural forms is eliminated, thus the 
same procedure may be used to analyze any structure regardless of its form. 
The disadvantages of full three-dimensional treatment of shells 
are two-fold: 
1. It is inefficient and wastefull of computer time, especially 
if several nodes are used through the thickness. It is well known that the 
departure of the normal from linearity, even for thick shells and plates, is 
not significant. Nevertheless, Gupta, Mohraz and Schnobrich 51 found that 
it was necessary to use three nodes in the direction of the thickness to 
converge to Reissner1s theory when solving a thick plate using isoparametric 
elements. 
2. More serious is the fact that retention of three degrees of 
freedom per node for several nodes through the thickness results in high 
stiffness coefficients for relative displacements of these nodes. This may 
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lead to ill-conditioned equations, especially when the thickness is small 
relative to the other dimensions of the shell. 
The development outlined in the following section overcomes both 
of these disadvantages. 
3.3 Ahmad's Shell Element (The Superisoparametric Element) 
Ahmad, Irons and Zienkiewicz 52 adapted a three-dimensional, "brick" 
type, isoparametric element for use in shell and plate analysis, making only 
two assumptions: 
1. The strain energy corresponding to the normal stress, an' is 
negligible. 
2. The normal to the middle surface before deformation need not 
remain normal to the deformed middle surface, but it must 
remain straight and unstretched. 
The first of these assumptions is equivalent to neglecting the 
normal stress, an' which is a common assumption in all shell theories. The 
second is similar to the procedure suggested by Reissner, and thus permits 
the element to retain a measure of transverse shear deformation. 
The description of the element that follows parallels that given 
by Ahmad et ~., and by Pawsey.53 
The IIparent" element, i.e., the element from which the shell 
element is derived has its nodes located on the top and bottom surfaces 
(Figure 7), while the derived element nodes are located in the middle 
surface (Figure 8). 
The isoparametric set of coordinates for the shall element is 
established such that ~ and n are in the middle surface, and s is in the 
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direction of the thickness. As usual, the isoparametric coordinates vary 
between -1 and 1. The transformation between the global and local coordinates 
is given by 
where 
x. = Nm (Xn: + ! 6n:) 1 1 1 
x. = global coordinate of any point, in direction i. 1 
Nm = Nm(~,n) = shape function for node m, appropriate to two-
dimensional elements. 
x~ = middle surface coordinate of node m in direction i. 1 
(3. 1 ) 
67 (X~)top - (X7)bottom = Differences of coordinates between 
top and bottom surfaces (Figure 9). 
A 
We note that for any node m, 6~, (i = 1,2,3), defines a vector, N, in the 
direction of the thickness. 
A 
Next, we introduce two orthogonal unit vectors a and b normal to 
/', 
N, and two scalar rotations of the normal a and S about b and a, respectively 
(Figure 10). The two vectors are defined in the following manner: 
A = x N (3.2a) 
B = A x N (3.2b) 
where i is the unit vector along the global x-axis. The unit vectors a and 
b are obtained by normalizing A and B. 
If it happens that the direction of N coincides with that of the 
global x-axis, then A is defined by 
A 
A = j x N (3.2c) 
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where j is the unit vector along the global y-axis, and B is defined as before. 
If the normal is given a small rotation a about b, the displace-
ments of a point at ~s distance from the middle surface, relative to the 
middle surface, is . 
(3.3a) 
Similarly, the relative displacements produced by a small rotation S is 
(3.3b) 
The total displacements of the point is the sum of Eq. 3.3a and Eq. 3.3b 
in addition to any displacements of the middle surface, i.e., 
(3.4) 
The displacement expansion can now be written as 
u. = [N (8 .. + -; ¢ .. ) Jm uri}, i = 1 ,2,3 
1 lJ lJ J (3.5) 
j = 1,2,3,4,5 
where 
the kronecker delta ={ 1 if i = j 8 .. = lJ 0 if t j 
0 0 0 m al 
m 
-bl 
m 0 0 0 am m <p •• = -b2 lJ 2 (3.6) 
0 0 0 am 3 
_bm 
3 
um 
m v
m 
u. = wm J m 
a 
Sm 
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um,vm,wm = global displacements of the middle surface node m. 
In order to make use of the assumption regarding the strain energy 
corresponding to the normal stress, strains and stresses must be defined 
I 
in a shell coordinate system that is orthogonal. Calling this system Xi 
(Figure 11), the strains are defined by 
1 au~ au l. 
E i j = 2(-~ + ~) (i, j = 1,2,3) 
ax. ax· J 1 
(3.7) 
The stresses, defined in the same system, are 
E' kl (i ,j = 1,2,3) (3.8) 
where Eijkl is the material·s properties tensor, modified by the assumption 
an = o. Certain terms of Eijkt corresponding to transverse shear strains 
have been divided by a factor of 1.2. This was done because the transverse 
shear strain distribution through the thickness admitted by this element is 
constant, while in real life it is quadratic. The factor of 1.2 represents 
the ratio of the areas of the respective distributions. 
From these relations, and the transformation between X~ and X., 
1 1 
the element stiffness matrix can be easily calculated. The details of 
these calculations are given in Chapter 5. 
It should be noted that this being a degenerate three-dimensional 
element, its formulation reflects basic three-dimensional elasticity rather 
than any specific shell theory. 
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Chapter 4 
MODIFIED ELEMENTS 
4.1 Comments on Previous Elements 
Some of the isoparametric elements discussed in the previous 
chapters have been found to give inaccurate results under certain load-
ing conditions. The causes of the inaccuracies are discussed in this 
chapter and remedies are presented. The discussions in the next two 
sections draw on the work of Pawsey.53 
4.1.1 The Linear Isoparametric Elements 
The linear isoparametric elements (Fig. 1 and ~ can correctly 
reproduce displacements due to direct (membrane) stresses. However, when 
used to solve problems in which there is substantial bending, it is found 
that convergence is achieved at a very slow rate of mesh refinement. There 
are three factors responsible for this behavior. These are illustrated 
by the following example. 
Consider a segment of a beam subjected to a constant bending 
moment (Fig. 12). The segment is idealized by a linear isoparametric 
element. 
The first defect of the linear elements is due to the fact that 
under constant moment the normal displacement, w, of the actual beam 
varies quadratically with the longitudinal coordinate x (Fig. llc). The 
finite element model, on the other hand, has a piecewise linear variation 
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of w within each element (Fig. llb). This defect can be easily rectified, 
albeit at the expense of increased computation time, by a refinement of 
the mesh, since any smooth curve may be approximated by a line in a small 
enough interval. 
Finally, a corollary of the preceding defect is the fact that the 
shear strains over most of the element are different from zero, contrary 
to the situation in the actual beam. 
Second, the longitudinal stress, ax' produced by this loading 
in the actual beam is the familiar 
a 
x = 
MZ 
-r (Eq 4.1) 
and all other stresses are zero. Not only does this stress produce 
longitudinal strain, E , varying linearly with z through the thickness, 
x 
but, for nonzero values of Poisson ratio, v, it also produces normal strain, 
E Z' likewise varying linearly with z through the thickness. This means 
that the normal displacement, w, varies quadratically with z. 
The isoparametric element, having only two nodes through the 
thickness, can not reproduce quadratic variations. As a result of this 
defect, the bending strain energy of the finite element model is higher 
2 than the correct value by a factor of v. This is clearly an unacceptable 
situation in view of the premise of the displacement method of minimizing 
the total strain energy. The situation is not improved by mesh refinement, 
since this process does not affect the variation in the z direction. Only 
an element with three nodes through the thickness can correctly produce 
the des ired resul"t. Thi sis confi rmed -by the experi ence of Gupta, Mohraz, 
and Schnobrich s1 cited earlier. 
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4.1.2 The Thick Shell Element 
Thick shells and plates may be solved by using an element 
derived from the usual quadratic three-dimensional isoparametric element 
(Fig. 4) by dropping the midthickness nodes (Fig. 7). The resulting 
l6-node element has several desirable features: 
1. As in the 20-node element, the displacement expansion in 
the ~ and n directions vary quadratically, thus correctly 
reproducing deformations corresponding to constant bending 
moment. 
2. Displacements of the normal vary linearly through the thick-
ness, thus permitting transverse shear deformations. 
3. The number of unknowns along each normal joining nodes is 
six, one more than'is used in shell theory, but three less 
than in the 20-nodes element. 
The disadvantage of this element is that it suffers the same 
defect with respect to the variation of the normal displacement through the 
thickness as the linear element discussed in the preceding section. Further-
more, ill-conditioned equations may result in thin shell applications as 
was discussed in Section 3.2. 
4.1.3 Ahmad1s Shell Element 
The inaccuracy of Ahmad1s shell element may be attributed to the 
extraneous shear energy present in the element, a problem that is not 
peculiar to this .element. It is manifest in many shell elements in which 
the Kirchoff hypothesis is relaxed. 
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To illustrate the effects of the spurious shear problem a 
segment of a thin beam is considered. The segment is idealized by an 
Ahmad-type element, i.e., an element that allows the normal to rotate 
independently of the middle surface, but does not permit it to stretch. 
To simplify the arguments, it is assumed that the rigid body modes and the 
membrane behavior are removed from the element. 
Considering first a linear element (Fig. 12a), the displacement 
expansion is 
U ::: 1/2 (1 - i) zel + 1/2 (1 + ~)ze2 (Eq 4.2a) 
W = 0 (Eq 4.2b) 
Using standard techniques, the stiffness matrix of the element can be 
easily calculated in closed form: 
K = 
Ebh 3 Ebha 
24 a + 3 ( 1 +\) ) 
-Ebh 3 + Ebha 
24a 6(1+\)) 
-Ebh3 + Ebha 
24a 6(1+\)) (Eq 4.3) 
3 Ebh + Ebha 
24a 3(1+\)) 
The first term in each of the coefficients of the stiffness matrix represents 
the correct bending stiffness, and the second term is the stiffness of the 
extraneous shear. 
If the element is subjected to a constant moment M1 = -M2 = M, 
the equilibrium equation of the system 
[K] {e} = {M} (Eq 4.4) 
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may be solved to give nodal rotations 
* * * M 81 = -8 = 8 = 2 Ebh3 Ebha 
----r2a + 6 ( 1 +v) 
The correct values of these rotations are 
M 
--3 
(Ebh ) 
l2a 
(Eq 4.5) 
(Eq 4.6) 
Dividing Eq 4.5 by Eq 4.6 we obtain the ratio of the finite element rota-
tions to the correct rotations 
8 
8 
* 1 
= (Eq 4.7) 
The second term in the denominator of Eq 4.7 represents the error caused 
by the extraneous shear. It is clear from this that an extremely fine 
mesh is necessary for the finite element values to converge to the correct 
values. For example, if the element side, 2a, is of the order of the thick-
ness, ~, the finite element rotations are only about two-thirds of the cor-
rect va 1 ues . 
The cause of this behavior can be seen in the displacement pattern 
of the element (Fig. l2b), as exhibited by Eq 4.2. The constraints imposed 
on the element result in nonzero shear strains throughout most of the 
element. 
The same type of error also arises if a quadratic element is 
used instead (Fig. 13). Now displacements corresponding to a constant 
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moment field can be reproduced exactly. However, displacements correspond-
ing to linearly varying moment can not be reproduced by this element. 
The displacement expansion is 
u = -~ (1 - 25.)Z8 + [1 - (25.)2 JZ8 + ~ (1 + -ax)Z83 2a a. a 2 2a (Eq 4.8) 
w = 0 
For nodal rotations 81 = 83 = 8 and 82 = - ~, which are appropriate to 
a linear moment condition, the transverse displacement, w, is not activated. 
Instead, the element deforms as shown in Fig. 15b. This deformation pattern 
again involves extraneous shear which causes the element stiffness to be 
higher than the correct value. 
4.2 Incompatible Modes 
In the preceding section the inaccuracies of several elements 
were discussed. It was pointed out that in each of the elements, the 
inaccuracies are attributable to the inability to reproduce displacements 
patterns corresponding to simple loading conditions. It seems obvious then 
that the situation may be remedied by adding to the basic, displacement 
expansion those modes that render the desired results. Such a procedure 
may be viewed as a correction to the original displacement expansion t~ 
compensate for its deficiencies. 
4.2.1 The Linear Isoparametric Elements With Incompatible Modes 
The simplest case of moment loading is the constant condition which 
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yields quadratically varying displacements. In order to be able to re-
produce this behavior one may elect to employ a quadratic element. 
Alternatively, quadratic terms may be added to the basic isoparametric 
displacement field. It can be shown that the latter approach may be ad-
vantageous in certain applications over the former. 
Considering the two-dimensional element, the basic set of iso-
parametric shape functions (Eq 2.10) is augmented by the two quadratic 
"modes ll 
N5 = (1 t;2) 
(Eq 4.9) 
N6 = (1 n2) 
The displacement field is still described by Eq 2.6. However, the addition-
5 6 
al degrees of freedom, u. and u. do not need to represent displacements 
1 1 
of any physical nodes. They are the amplitudes of the added modes, and 
as such may be viewed as Lagrangian multipliers. 
Due to the addition of these modes, the response along an 
edge of the element no longer depends solely on the nodal values on that 
edge. Hence, displacements along common edges of contiguous elements are 
no longer compatible. Because of the loss of compatibility, monotonic 
convergence of the finite element results to the correct values is not 
assured. The procedure, nevertheless, ensures correct convergence in the 
1 i mi t. 
The addition of the incompatible modes increases the capabilities 
of the element so that it becomes comparab~t~ ~~~¥~~~aJi~o~kement. 
Clvil 
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The increase in capability is achieved without significantly increasing 
either the element stiffness formation, or the system equations solution 
times. 
Before attempting to solve numerical examples, two theoretical 
tests were applied which confirmed the superiority of the incompatible 
element over the basic, compatible isoparametric element. 
The first test as suggested by Melosh 54 was to compare elements 
of the same geometry but based on different formulations. The trace of 
the stiffness matrix of each element, which is the sum of the coefficients 
along the diagonals, is computed. On the basis of consideration of the 
energy stored in the elements, Melosh hypothesized that the element with 
the smallest trace is the best element, i.e., the most flexible. 
This test was applied to a four-node, two-dimensional isopara~ 
metric element. It was found that the element with the incompatible 
displacement modes had a substantially smaller trace than the basic, com-
patible element. 
The second test is due to Khanna and Hooley~ 55 To compare the 
stiffness matrices KA and KB of elements A and B respectively, the elements 
are supported identically in such a way as to remove rigid body displace-
ments. Based on the eigenvalues of the difference matrix, KA - KB, the 
following conclusions may be reached: 
Element B is more flexible than A if the eigenvalues are 
positive or zero. 
Conversely, element A is more flexible if the eigenvalues are 
negative or zero. 
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The test is inconclusive if the eigenvalues have mixed signs, 
positive and negative. 
The superiority of the incompatible element over the conventional 
compatible one was again manifested when this test was applied. 
For the three-dimensional element, the additional modes are: 
N9 = ( 1 t;2 ) 
N10 = ( 1 n2) (Eq 4. 1 0) 
N 11 
= ( 1 c:2) 
4.2.2 The Thick Shell Element with Incompatible Modes 
The modes selected for this element are: 
N17 
= t; ( 1 t;2) 
N18 = t; ( 1 n2) (Eq 4. 11 ) 
N19 2 = t;n(l -t; ) 
N20 2 = t;n(l -n ) 
N2l = (1 - c:2) 
The selection of these modes was based on the desire to reproduce dis-
placement patterns corresponding to simple loading conditions. For example, 
N17 permits the representation of displacements due to linearly varying 
moment in the t;-direction. The effect of the additional modes is to make 
displacements vary cubically with the surface coordinates t; and n, and 
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quadratically through the thickness, a capability lacking in the com-
patible element. 
4.2.3 The Twelve-Node Three-Dimensional Element 
This element (Fig. 14), one of the inifinite family of isoparamet-
ric elements, was specifically formulated to be used at the junction of in-
tersecting surfaces. The shape functions for the basic compatible element are: 
Corner Nodes: 
(Eq 4. 11 ) 
Mid-Side Nodes 
The mid-side nodes are located only along the ~-axis. 
The shape functions defined in Eq 4.11 are those of the com-
patible modes. The additional incompatible modes are 
1< ~( 1 ? N''''' = ~-) 
N14 = (1 n2) (Eq 4. 12) 
N15 = ( 1 l;;2) 
4.2.4 AhmadDs Shell Element with Incompatible Modes 
9 13 Five modes, N through N are added to the basic 
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superisoparametric shape functions. The first four of the additional 
modes are identical with the first four of Eq 4.11. The last mode is 
(Eq 4. 13) 
4.3 Elimination of the Incompatible Modes 
The additional degrees of freedom introduced by the incompatible 
modes are internal to each element. The most expedient approach to deal 
with them is to remove them at the element level, rather than assemb11ng 
them into the stiffness matrix of the entire structure. This can be done 
since for each element the stiffness coefficients corresponding to the 
incompatible modes depend only on the properties of that element, and 
receive no contributions from the other elements. The process which is 
described here is identical to the familiar processes of static condensa-
tion or substructuring. 75 
Consiqer an element with incompatible displacements. The dis-
~lacement vector can be arranged so that the incompatible displacements 
occupy the tail-end of the vector. Correspondingly, the stiffness matrix 
can be partitioned as: 
where 
[K] = (Eq 4. 14) 
KCC = stiffness matrix of the basic compatible element. 
KII = direct stiffness due to incompatible displacements. 
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KCI = cross-stiffness matrix. 
T KCI = the transpose of KCI " 
So, the equilibrium equations of the element become 
where 
U
c 
= nodal displacements of the compatible element. 
UI = displacements to be condensed out. 
Pc = loads corresponding to UC' 
PI = loads corresponding to Ur 
(Eq 4. 15) 
In view of the interpretation of the additional displacements, UI , as 
Lagrangian multipliers, there are no loads corresponding to them. In this 
case 
(Eq 4. 16) 
where 
{a} 
-- { ~.:} = the null vector. 
Substitutqng Eq 4.16 into Eq 4.15, and solving the second set of Eqs 4.15 
for U1, we obtain 
(Eq 4. 17) 
Substituting Eq 4.17 into the first set of Eq 4.15 we finally get 
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U K' U C = C (Eq 4.18) 
where 
= 
-1 T KCC - KCI KII KCI = the effective stiffness matrix of 
the element 
It is the effective stiffness matrix of the element that is assembled into 
the final structure stiffness matrix. The total structure equilibrium 
equations then yield the displacements UC. The quantities UI disappear 
completely from the picture and no further dealing with them is necessary 
until after the solution of the equilibrium equations of the entire 
structure. If desired, they can be recovered then from Eq 4.17 for each 
element. 
4.4 Ahmad1s Element with Reduced Integration 
The introduction of incompatible displacement modes is a very 
rational approach to dealing with the problem of inaccuracies in the elements 
under consideration. Early in this study a paper by Wilson, Taylor, 
Doherty and Ghaboussi 56 confirmed the desirability of pursuing this approach 
and carrying it further to the superisoparametric element. While this 
work was in progress two important works appeared in the literature, the 
first by Pawsey53 and the second by Zienkiewicz, Too, and Taylor,57 
addressing the same problem, namely, the failure of Ahmad's element to con-
verge to thin shell solutions. They are discussed in the chronological 
order of their appearance. 
The stiffness matrix of the superisoparametric element, as in 
the case of other isoparametric elements, is evaluated by numerical 
42 
integration because the transformations involved prec"ludeclosed'form 
integration. Of the many quadrature formulae available for numerical 
integration 9 the Gauss quadrature is the most widely used in finite element 
analysis. Depending on the displacement expansion, there is a minimum 
order of integration to guarantee convergence. Generally, the most 
accurate evaluation of the stiffness matrix is sought, consistent with 
the desire to minimize the matrix formation time. The three points Gauss 
rule was thought to give the required accuracy_ The works of Pawsey, 
and of Zienkiewicz, et ale have shown that this is not always a correct 
proposition. Indeed, a less accurate stiffness matrix, i.e., one formed 
by a low-order Gauss rule, is found to give results superior to the more 
accurately calculated matrix. 
Pawsey studied the deformational patterns of several isopara-
metric elements under certain simple bending conditions, and compared 
these patterns with the theoretical behavior. He showed that for the load 
conditions considered, the finite element displacements match the 
theoretical displacements only at a few points. The match always occurred 
at the Gauss points corresponding to the minimum order of integration. 
He then argued that if integration was performed at these points, the 
isoparametric displacement field would effectively be made to appear as 
the correct field. The strain energies, thus, will be correctly evaluated. 
Unfortunately, a stiffness matrix formed on the basis of a minimum quad-
rature rule is singular. To avoid this difficulty, Pawsey reexamined the 
various strain energy expressions and concluded that for certain terms it 
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is necessary to use a higher order rule in certain directions. He also 
used the additional compatible displacement mode of Eq 4.13. 
Zienkiewicz, et ale reached the conclusion that uniform re-
duced integration for all strain states and in all directions was much 
better than selective reduced integration. It was reasoned that in 
addition to the spurious shear problem present in Ahmad1s element, any 
element formulated by the displacement method of finite element is in-
herently stiffer than the real continum it models. Therefore, reduced 
integration which leads to less accurate stiffness for the element has 
the desirable affect of making the element more flexible. With respect 
to the singularity problem, Zienkiewicz 58 pointed out that it dis-
appears upon joining the element to others. 
Various other modifications and variations of Ahmad1s element 
were presented by Irons and Razzaq.59,60 
Both the incompatible displacement, and the uniformly reduced 
integration variants of Ahmad1s element are incorporated in the present 
study. 
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Chapter 5 
DETAILS OF CALCULATIONS 
5.1 Element Stiffness Matrix 
5.1.1 The Isoparametric Family 
Traditionally, the element stiffness matrix is calculated by using 
matrix operations. Gupta,6l and Gupta and Mohraz 62 have shown that a sub-
stantial saving of computation time can be achieved by using index notation 
and tensor operations. The method suggested by Gupta was adopted in the 
present study. An outline of this method is presented in this section. 
The isoparametric displacement field is given by Eq. 2.6 as 
u. 
1 
(2.6) 
and the geometric transformation between the global and the local isopara-
metric coordinates is given by Eq. 2.3 as 
X. 
1 
The strain-displacement relation is defined by 
E: •• 
lJ 
1 au. . au . 
= _ (_'_' + _._J ) 
2 ax. 'ax. 
1 1 
Or, using the kronecker delta, 
E: •• 
lJ 
Substituting Eq. 2.6 into Eq. 5.2 we obtain 
(2.3) 
(5. 1 ) 
(5.2) 
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The stress-strain law of elasticity is 
0 .. 
lJ 
(5.3) 
(5.4) 
where Eijk£ is the material properties tensor which is symmetric with respect 
to each of the two pairs of indices ij and k£. Substituting from Eq. 5.3 into 
Eq. 5.4 we o~tain 
(5.5) 
In view of the symmetry of E with respect to the pair £k, we have 
(5.6) 
which when substituted into Eq. 5.5 yields 
(5.7) 
Now, if the element nodes are given virtual displacements ou~, the virtual 
internal work expended in going through these displacements is 
au = f 0 .. OE .. dV lJ 1 J (5.8) 
vol. 
where the integration is performed over the entire volume of the element. Upon 
substituting Eqs. 5.3 and 5.7, Eq. 5.8 becomes 
(5.9) 
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Again in view of the symmetry of E with respect to the pair ij, we have 
(5.10) 
which upon substitution into Eq. 5.9 yields 
aU = (5.11) 
The external forces, expressed as equivalent nodal forces, also do work in 
going through the same virtual displacements. This work is calculated as 
aW - p~ m (5.12) = aU. 
1 1 
m 
where P. is the force at node m in direction i. For the element to be in 
1 
equilibrium, the net work performed by all forces going through the same vir-
tual displacements must vanish. Hence, 
aU + cSW = a (5.13) 
Substituting for aU and aW their values from Eqs. 5.11 and 5.12, respectively, 
Eq. 5.13 becomes 
J
p aNn aNm dV) n m 
Eijk.Q, ax£ ax. uk aUi 
vol. J 
m m P. aU. = 
1 1 
(5.14) 
Since the displacements are virtual, we have 
P~ = 
1 ( J (5.15) 
vol. 
The expression between parenthesis in Eq. 5.15 is defined as the element stiff-
ness matrix 
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K~~ r aN
m aNn (5.16) = J E; kjQ, aX k 
dV 
lJ axQ, 
vo 1 . 
For elastic, i sotr,opi c and homogeneous materials, the material 
properties tensor is independent of the position coordinates. In such cases 
it can be taken outside the integral sign in Eq. 5.16. Hence, 
K~~ mn = EikjQ, HkQ, lJ (5.17) 
where 
Wmn = I aNm aNn dv k£ aX k ax Q, (5.18) 
The material properties tensor can be expressed in terms of Lame's constants 
A and 11 as 
(5.19) 
The Lame's constants are computed from the modulus of elasticity, E, and 
Poisson's ratio, v, thus 
A v E = ( 1 + v) ( 1 - 2v) 
(5.20) 
E 
11 = 2 ( 1 + vT 
Generally, it is not possible to evaluate the stiffness matrix, 
Eq. 5.16, in closed form. It is customarily evaluated numerically, with Gauss 
quadrature being the most commonly used procedure. The integration then is 
most conveniently carried out in the isoparametric coordinates. In this case, 
Eq. 5.16 or Eq. 5 .. 18 must be transformed to the isoparametric coordinate sys-
tem. To do this, we first define the Jacobian, J, of the transformation be-
tween the global and the local coordinates. By differentiating Eq. 2.3 with 
respect to the isoparametric coordinates, ~i,we obtain 
J .. lJ 
dX. 
= _J 
dt;o 
1 
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The rows of J define vectors along the coordinate lines, t;i' thus 
no sum on i 
where 
u. = 
J 
(5.21 ) 
(5.22) 
A small element of volume, dv, can be formed as the scalar triple product of 
the elements of e, 
(5.23) 
The scalar triple product is numerically equal to the determinant of the 
Jacobian, so Eq. 5.23 becomes 
dv = IJI dt; dn d~ (5.24) 
where IJI is the determinant of J. Substituting Eq. 5.24 into Eq. 5.18, we 
obtain 
(5.25) 
The global derivatives of the shape functions appearing in Eq. 5.25 can be 
calculated from the local derivatives by the usual rules of partial differ-
entiation. Hence, 
where 
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aNm aNm at,:. 
= 
_J 
ax. at,:. ax. 
1 J 1 
-1 aNm 
= J at,:. J 
as . 
____ J _ J- l is the inverse of the Jacobian. 
ax. 
1 
(5.26) 
Since the integration is performed numerically, Eq. 5.25 is in 
reality a summation of the form 
where 
I J R 
wmn I I I mn ( t,: . , t,: . , t,:r) (5.27) = H.. Gk£ k£ i =1 j=l r=l lJr 1 J 
H .. = weighting coeffi ci en ts lJr 
= H. H. H 
1 J r 
( c c c) = the position of integration point (i, J', r) si' Sj' sr 
I, J, R = number of integration points in the t,:, n, and s 
directions, respectively. 
After the expression in Eq. 5.27 has been evaluated for all points of inte-
gration it is substituted back into Eq. 5.17 to obtain the element stiffness 
matrix. 
The four-dimensional array, w~~, is symmetric with respect to the 
superindices, m and n, but, generally, not with respect to the subindices k 
and £. In the computer program advantage is taken of this symmetry by evalu-
ating the array only for n > m. The stiffness matrix is symmetric with respect 
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to its rows and columns, and therefore, only the upper triangular part of the 
matrix is stored in the program. 
The above procedure was followed in the computation of the stiffness 
matrix of two- and three-dimensional isoparametric elements. The evaluation 
of the stiffness matrix of Ahmad's shell element_follows, in principle, the 
same general procedure outlined above. However, there are sufficient differ-
ences in details to warrant the separate treatment which is given in the next 
section. 
5.1.2 Ahmad's Shell Element 
The geometric transformation, displacement field, strain-displacement 
relation, and constitutive law for this element are described in Chapter 3 by 
Eqs. 3.1,3.5,3.7 and 3.8. For ease of reference they are repeated here: 
Nm m f ~m x. = (x. + 
1 1 2 i (3. 1 ) 
u. = [N (0 .. + C;;h ¢ )Jm m 1 lJ 2 ij uj (3.5) 
1 dUo dU. 
= 
1 + J . E: .. 
"2 --,- --,-lJ dX. dX· J 1 
(3.7) 
I 
0 .. lJ = Ei j k~ E:k~ (3.8) 
Equation 3.7 may be rewritten as 
1 ) dUk E: .. = "2 (0. ,ok + 
°ig,°jk --,-lJ lJ 2- dX~ 
(5.28) 
Proceeding through the same steps as for the isoparametric element, we arrive 
at the following expression for the internal work 
r 
aU = J 
vol. 
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au. 
---+ dv 
ax. 
J 
(5.29) 
. The work of the external forces is still given by the same expression, Eq. 
5.12, where now i = 1, 2, ... , 5. 
Before the total work can be summed as required by Eq. 5.13, the 
local displacements, and their local derivatives appearing in Eq. 5.29 must 
be transformed to the global system. To this end, let 8 .. be the matrix of lJ 
direction cosines between the global' system x. and the local orthogonal system 
1 
I 
x .. The local displacements u. can be obtained from the global displacements 
J J 
u. by the transformation 
1 
u. = 8 .. u. 1 Jl J (5.30) 
The matrix 8 .. can be formed in the following manner. First, the Jacobian lJ 
matrix is found by differentiating Eq. 3.1 with respect to the isoparametric 
coordinates. Then, a vector v3 is formed as the cross product of the first 
two rows of J. In a manner identical with the one delineated in Section 3.3 
for constructing the vectors A and S, and reducing to unit magnitudes, we can 
I I I 
form a matrix of unit vectors in the x , y , and z directions. This matrix 
is in fact the sought after matrix of direction ~osines, 0 ..• lJ 
Returning to the problem of transforming Eq. 5.29 to the global 
system, the derivatives of the global displacements with respect to the local 
system may be found by using standard rules of differentiation, 
au. au. aX k 1 
= 
1 
ax: aXk a-r J x· J 
au. 
= 8kj 1 (5.31) aXk 
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I By substituting u. for u. in Eq. 5.31, and making use of Eq. 5.30, the desired 
1 1 
transformation is obtained thus 
I 
dU· 1 
I 
dX. 
J 
Substituting Eq. 3.5 into Eq. 5.32 yields 
where 
I 
dUo 
1 
B 
dX. 
J 
(5.32) 
(5.33) 
(5.34) 
Carrying through algebraic manipulations analogously to the isoparametric 
element we finally obtain the element stiffness matrix 
(5.35) 
This matrix is, as usual, evaluated by numerical integration. In its present 
form, the" matrix of Eq. 5.35 is inefficient for actual computations. Appendix 
A outlines the procedure of the actual computations. 
5.2 Generalized Loads 
Two types of loading conditions were used in this study; concen-
trated nodal forces, and uniformly distributed surface loads. A special case 
of the latter, the pressure loading, was also used. 
In the finite element method, only nodal forces can be handled. When 
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distributed loads occur, they must be replaced by equivalent nodal forces. 
The equivalence of the two force systems is established through the equiva-
lence of the work that each must do in order to deform the structure into the 
same configuration. 
The work of the uniformly distributed load system, q, can be cal-
culated straightforwardly. 
w = J q. u. dS (5. 36) q 1 1 S 
where 
q. = q,x,y,z) = component of the load q in the direction i . 1 
u. = u.(x,y,z) = displacements of the surface on which q acts. 
1 1 
S = S(x,y,z) = the surface on which q acts. 
The work of the nodal forces, can also be calculated in a straightforward 
manner, thus 
where 
W = p~ m P J U j 
P~ = global force at node m in direction j 
J 
u~ = global displacement at node m, in direction j. 
J 
Equating the two work expressions, Eq. 5.36 and 5.37, we obtain 
P~ u~ 
J J J q. u. dS 1 1 
S 
(5.37) 
(5.38) 
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5.2.1 The Isoparametric Family 
a. Uniformly Distributed Loads 
The displacements of the isoparametric element can be substituted 
from Eq. 2.6 into Eq. 5.38. If the loads are applied to a surface, say s = 
-1, the surface area can be transformed to the isoparametric coordinates 
through the determinant of the two-dimensional Jacobian 
dS = IJI d~ dn 
Making these substitutions, Eq. 5.38 then yields 
1 1 
P~ = I I qi Nm IJI d~ dn 
-1 -1 
(5.39) 
(5.40) 
The same scheme of numerical integration that is employed in evaluating the 
stiffness matrix, is employed here in evaluating the nodal forces. 
b. Pressure Loading 
The displacements in this case must be obtained in the direction 
normal to the surface on which the loads are applied. Using the previously 
outlined procedure, we can construct a matrix of unit vectors, e .. , which is 
lJ 
the direction cosines matrix for the transformation between the global sys-
tem and the orthogonal system (that includes the normal to the surface). 
The displacement normal to the surface, un' is obtained by the transformation 
un = e' 3 u. ] 1 
= e Nm m i3 ui (5.41) 
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Substituting Eq. 5.41 into Eq. 5.38 to obtain the generalized loads, 
Jl Jl P~ = P 8i3 Nm IJI d~ dn (5.42) 
-1 -1 
where p is the applied pressure. 
5.2.2 Ahmad's Element 
For Ahmad1s shell element the generalized nodal forces arising out 
of distributed loads or pressure can be calculated from the corresponding 
equations for the isoparametric elements by substituting N~ for Nm, and re-
1a 
placing the determinant of the Jacobian by the expression 
(5.43) 
Upon making these substitutions Eqs. 5.40 and 5.42 become, respectively, 
pm r 
rl 
-m IJI2 d~ dn = J q. N·a (5.44) a 1 1 
-1 -1 
pm r r -m IJI2 d~ dn (5.45) = p 8i 3 Nia a 
-1 -1 
where a = 1, 2, . . ., 5. 
5.3 The Transition Elem~nt 
In our analysis of shell intersections, three-dimensional and shell 
elements are employed in the discretization. The two element types are not 
compatible with each other because of the difference in the number of degrees 
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of freedom at each node. The transition element described here connects or 
bridges the gap between these two dissimilar elements. 
The transition element is essentially a shell element. However, at 
the edge where it is intended to connect to a three-dimensional element the 
five shell degrees of freedom are converted back to six, three each at the 
top and bottom faces of the element. Let the five shell displacements at a 
node, us' be transformed to six three-dimensional displacement u3D , by 
(5.46) 
where 
= displacements of the top and bottom surfaces 
[TJ = 5 x 6 transformation matrix 
The derivation of the matrix [TJ is described in Appendix B. The transformation 
of Eq. 5.46 is applied to each node that is intended to connect to a three-dimne-
sional element. The other nodes remain unaffected, retaining the shell des-
cription of their displacements. Hence, for the entire set of displacements 
of the element 
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(5.47) 
where 
{us} = the set of shell-type displacements of the element 
[C] = [~ ~ ~] 
001 
{uT} = displacements of the transition element 
uT is a mixed set of displacements that includes shell-type and three-dimen-
sional type displ,acements. The submatrices occupying the diagonals of Care: 
the transformation matrix T if the node connects to a 3-D element, and the 
identity matrix, I, if it does not. 
By contragradience, the relation between the forces is 
[C]T {P } 
s 
(5.48) 
where {PT} and {P
s
} are the forces corresponding to the displacements {uT} and 
{us}, respectively, and [C]T is the transpose of [C]. The forces and displace-
ments in each system are liQked to each other by the "familiar stiffness rela-
tionship. Substituting the appropriate stiffness relations into Eq. 5.48, 
and making use of Eq. 5.47, we obtain the stiffness matrix for the transition 
element 
(5.49) 
where [Ks] is the stiffness of the parent shell element from which the transi-
tion element is developed. 
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5.4 The Triangular Element 
While the stiffness matrix of a triangular element can be generated 
directly, in this study an alternate approach was adopted. It consis'ts of 
degenerating a quadrilaterally shaped element into triangular shape. This 
is accomplished by co-alescing adjoining nodes of the quadrilateral. No 
particular difficulty arises in the case of linear elements. For quadratic 
elements three nodes, two corner and one mid-side nodes, must be used to en-
sure convergence.33 ,S3 
Computationally, the degeneration is accomplished by adding the rows 
and columns of the stiffness matrix, and the rows of the load vector that 
correspond to the degrees of freedom of the co-alesced nodes. 
5.5 Boundary Conditions 
By its very nature, the only boundary conditio'ns that can be treated 
in the displacement formulation of the finite element method, are boundary 
displacement conditions. These conditions must be satisfied exactly by the 
solution of the problem. The stress or natural boundary conditions cannot, 
in general, be satisfied exactly. 
As stated in Section 2.2, the resulting stiffness matrix for the 
-
entire structure is singular. In order to be able to obtain a solution of 
the equilibrium equations, Eq. 2.2, the structure must be supported at a suf-
ficient number of nodes to remove this singularity. 
Only one type of support is considered in this study, the type that 
completely constrains the displacement in a certain direction. However, the 
direction of the constraint may be global or non-global. 
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For displacements constrained in global directions the most expedient 
method of handling them is to delete from the stiffness matrix of the entire 
structure those rows and' columns that correspond to the constrained displace-
ments. Also deleted are corresponding rows of the load vector. 
If the displacement constraints at a node are applied in a direction 
that is inclined to the global axis, the rows and columns of the stiffness 
matrix, and the rows of the load vector, that correspond to the degrees of 
freedom of that node must first be transformed to the inclined, i.e., non-
global system. After the transformation, the displacement constraints are 
applied, as in the case of global constraints, by deletion of the appropriate 
rows and columns. 
5.6 Solution of Equations--The Frontal Technique 
The finite element procedure of discretizing continua, reduces the 
structural analysis problem to that of solving a set of linear simultaneous 
algebraic equations. These are the discretized equilibrium equations, Eq. 2.2. 
Application of boundary conditions, in the manner indicated in the preceding 
section, yields 
K U = P 
r 
where K is the non-singular stiffness matrix. 
r 
(5.50) 
In practical problems, the solution of the set of equations, Eq. 
5.50, is a non-trivial task from the point of view of computation time. Gen-
erally, large numbers of elements are used in order to ensure adequate ideali-
zations. Consequently, the number of equations that are generated is often 
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very large. As a result, it is found that most of the analysis time is spent 
in solving the equilibrium equations. Also, the large number of equations may 
tax the capacity of the computer unless a suitable solution method is used. 
Hence, the choice of a solution method influences the efficiency of the entire 
problem. 
Generally, iterative techniques of solving linear equations require 
the least amount of storage compared with direct methods. However, the rate 
of convergence and stability of iterative methods remain unsettled questions 
and much work is still being done in this area. By contrast, the direct method 
of Gauss elimination is very well understood. 
For symmetric, positive definite, and banded matrices, it is proven 
in linear algebra that there is no rational algorithm of solving linear simul-
taneous equations that takes fewer number of operations than Gauss elimina-
tiona Further, the Gauss elimination in this case does not require pivoting. 
The solution process is stable regardless of the order in which it proceeds. 
The elimination of a row (equation) s, leads to a modification of the coeffi-
cients in the remaining rows (equations), thus 
* k.. = k." 
1 J 1 J 
* n 
t' . 
1 
= 
n 
r. 
1 
k . 
k. (~kS) 
1S ss 
P 
I, I S \ 
I\is \kSS ' 
(5.51 ) 
(h h? \ \ v • oJC- J 
where the quantities without asterisks are the raw coefficients, and those 
with asterisks are the values modified by the elimination of equation s. The 
stiffness coefficients K.", k. (=k .), etc., represent the sum of contribu-
lJ 1S Sl 
tions from individual elements. The order of summation is immaterial, and 
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with the exception of coefficients of equation s, the coefficients need not 
be fully summed. This process affects only a triangular array immediately 
below row s. 
The arrangement of the coefficients of the stiffness matrix re-
flects the nodal connectivity of the finite element mesh. The nodal numbering 
is therefore crucial to a band algorithm in order to minimize the band width. 
An alternative to band algorithms, called the 'Frontal Technique,' 
was presented by Melosh and Bamford. 63 Irons 64 published a computer pro-
gram which implemented this alternative in the context of finite element 
analysis. 
The basic concept of the Frontal Technique is implied by the nature 
of Gauss elimination, Eq. 5.51. Frontal processing is based on the fact that 
a non-zero term in a column of the decomposition, inside the triangular array 
affected by row operations, cannot occur in any row prior to the occurrence 
of a non-zero term in the column of the stiffness matrix. In Irons' imple-
mentation, the solution proceeds in the order of element numbering, element 
by element. The first appearance during decomposition of a term in a colum of 
rK 1 causes the addition of that column to the 'front of active variables. I 
... r.... -. 
A variable becomes active upon its first appearance and is eliminated imme-
diately after its last. Therefore, if a variable, us' is ready for elimination 
there must be no subsequent elements containing us. Only the coefficients of 
the equations on the 'front' must be readily available on core. The size of 
the front is always smaller than or, at worst, equal to the bandwidth of the 
equations. 
We note the following features of the frontal method: 
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1. The element numbering scheme is critical in frontal solution, 
just as the node numbering is critical in band algorithms. 
2. Ordering of the nodes is irrelevant in the frontal method. They 
are merely unique lables that associate the displacements of the 
element with those of the structure. The node numbers have no 
effect on the order of elimination. When a given mesh is changed 
by addition or deletion of nodes, there is little change in the 
frontal data. By contrast, a band algorithm may require a great 
deal of node renumbering to keep the band width to a minimum. 
3. The size of the front and hence the storage requirements for a 
problem can be readily assessed from the mesh pattern of the 
problem. 
Irons' 'Frontal I program was integrated into the program developed 
for this study. The former was modified to add the capability of handling 
variable number of degrees of freedom per node. 
5.7 Calculation of Stresses 
After Eq. 5.50 has been solved,the displacements may be substituted 
in the strain-displacement relation and subsequently into the constitutive 
law. This yields expressions for the stresses everywhere in the element. By 
substituting the coordinates of a point, we can readily evaluate the stress 
tensor at that point. There is unlimited choice in the selection of points for 
stress calculation, and different investigators prefer different locations. 
In this study three schemes were used, two in connection with the 
linear element, and the third in connection with the higher order elements. 
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The first scheme is very common. It consists of evaluating the 
stresses at nodal points. Generally, stresses at a node from contiguous 
elements are not equal. (This is because the displacement method, being an 
energy balance, does not ensure local equilibrium. Only overall equilibrium 
is maintained by this method.) Therefore; the stresses from the elements 
meeting at a node are averaged. This scheme failed to give satisfactory re-
sults. 
The second scheme was simply to calculate stresses at the center 
of element edges. It was used to calculate stresses along symmetry lines. 
Finally, for higher order elements, stresses are calculated at a 
selected group of the Gaussian integration points. For the 2 points rule in 
each direction, all the integration points are used. For the 3 points rule, 
the extreme points (points 1 and 3) in each direction are used. 
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Chapter 6 
NUMERICAL RESULTS 
6.1 Introduction 
The objective of this study is stated in Chapter 1, while the 
methodology of realizing it is outlined in Chapters 2 through 5. A computer 
program was developed in which various finite elements were implemented. As 
with any computer program, .it was imperative to check it thoroughly by solving 
problems for which known solutions exist. This procedure is made necessary by 
the need to be reasonably confident of the realibility of the results obtained 
from the program. The testing procedure serves two purposes: 
1. To detect, and hence correct, any programming errors, or 'bugs,' 
which are inevitable in any serious programming effort, and 
2. To check the accuracy, efficiency, reliability and possible 
limitations of the underlying theory, assumptions and algorithm. 
This chapter presents a representative sample of the many problems 
solved in the course of developing the program. The chapter concludes with 
a presentation of the results of analyzing an example of the type of structure 
for which this study was undertaken, to wit, the cylinder-to-cylinder inter-
section. In order to facilitate the ensuing discussion, the following nomen-
clatures are introduced: 
N4 The basic two-dimensional, 4-node, compatible, isoparametric 
element. 
N6 The incompatible version of N4. 
N8 The basic three-dimensional, 8-node, compatible isoparametric 
element. 
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Nll The incompatible version of N8. 
A8 The original Ahmad1s shell and plate element. 
A13 Ahmad1s element modified by incompatible displacement modes. 
A8R Ahmad1s element modified by the reduced integration scheme 
of Zienkiewicz, Taylor, and TOO. 57 
6.2 The Test Problems 
Of the many structures analyzed in the course of developing the com~ 
puter program, the following groups are selected to demonstrate the reliabil-
ity of the program: 
1. Cantilever Beam 
2. Square, Medium Thick Plates: 
a. Simply supported 
b. Clamped on all edges 
3. Thin Plates 
a. Square, simply supported. 
b. Circular, clamped 
·4. Open Shells 
a. Simply supported cylindrical roof shell 
b. Simply supported hyperbolic paraboloid. 
5. Closed Shells 
Cylindrical tank 
6. Intersecting Shells 
a. Simply supported folded plate 
b. Spherical shell with cylindrical nozzle 
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6.2.1 The Cantilever Beam 
This simple example was chosen to appraise the merits of utilizing 
the idea of incompatible displacement modes in connection with the isopara-
metric elements. It should be remarked here that this part of the present 
study, as well as the work dealing with the medium thick plates, were com-
pleted prior to the publication of the paper by Wilson et al .56 on incompatible 
displacement models. 
The beam was idealized by the two-dimensional isoparametric elements 
N4 and N6. Only the displacements were calculated for this structure. Because 
of the relatively small number of equations, and the 'reasonable' magnitude 
of the aspect ratio of the largest element used, the work was carried out in 
single precision arithmetic on the IBM 360/75. The beam was modeled by 1,2, 
4,8, 16, and 32 elements along its length and one element through the thickness. 
Figure 15b demonstrates the remarkable effectiveness of the incompatible ele-
ment in reproducing the behavior of the beam, in contrast to the compatible 
element. Even one incompatible element gives better results than three com-
patible ones. Figure 16 shows the rapid rate of convergence of the displace-
ments for the incompatible element~ 
In one of the test runs of this problem, two elements through the 
thickness were used. The results were identical with those obtained by using 
only one element through the thickness. 
The results clearly show that, at least in this case, introduction 
of the incompatible modes into the set of isoparametric shape functions is a 
viable and effective approach to solving- the prbblem of inaccuracy of the basic 
linear isoparametric element. 
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6.2.2 Medium Thick Plates 
a. Simply Supported Square Plate 
This example was chosen to test the extensibility to three-dimen-
sional analysis of the idea of adding incompatible modes to elements to improve 
their behavior. The Plate dimensions, material properties, and loading are 
as follows: 
Side length, a = 8 in. 
Thickness, h = 1/2 in. 
E = 30,000,000 psi 
v = 0.3 
Uniform load, q = 1 psi 
The plate was modeled by the three-dimensional elements N8 and Nll. Because 
of the symmetry, only one quarter of the plate was actually analyzed. A 4 x 4 
mesh was used in the quarter plate. The following boundary conditions were 
applied: 
1. The vertical displacements of the bottom surface along the 
simply supported edges were completely constrained, and 
2. The displacements normal to the symmetry lines of both the top 
and bottom surfaces were also completely constrained. 
Once again, as in the previous problem, this example clearly demon-
strates the remarkable effectiveness of the incompatibJe modes in improving 
the behavior of the linear element as shown in Fig. 17. 
Variation of the stress along the symmetry line y = f is shown in 
Fig:. 18. From the comparison in the figure it appears there is no significant 
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difference between the values obtained from a 4 x 4 mesh of the Nll elements 
and a 2 x 2 mesh of the standard 20-node quadratic element. This is not sur-
prising since the total number of degrees of freedom involved in both idealiza-
tions is comparable. 
There are two points that should be noted here with respect to the 
stress computation of the Nll incompatible element. First, the stresses shown 
in Fig. 18 were calculated at the center of each element edge. This method 
was found to give much better results in this case than the traditional aver-
aging of nodal values from contiguous elements. The difference between the 
two methods was most pronounced near the boundaries. In interior regions, the 
two procedures tended to produce practically the same results. Second, before 
calculating element stresses, the displacements which had been condensed out were 
recovered from Eq. 4.17. The entire set of displacements was then used in 
calculating stresses. 
Both of these procedures were later abandoned in connection with 
other elements. The first was abandoned in favor of calculating the stress 
only at a selected number of Gaussian integration points. The second procedure 
was also dropped and only the non-condensed displacements corresponding to 
compatible modes were used in the calculations. 
b. Square Plate Clamped on All Edges 
The dimensions, material properties and loading of this plate are 
the same as in the preceding example. The only difference is in the first set 
of boundary conditions. Here, all displacements of the top and bottom faces 
of the encastre edges are completely constrained. The constraints along the 
symmetry lines remain the same as in the simply supported plate. 
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Two mesh types were used: a 4 x 4 mesh of square elements (the 
regular mesh), and a mesh of 16 arbitrary quadrilateral elements (the irregu-
lar mesh). This example was intended to examine the convergence character-
istics of the Nll element for arbitrary shapes. Several computer runs were 
made using meshes a and b of Fig. 19 for both elements Nll and N8 and using 
different values of Poisson's ratio. Figure 19c shows typical results for the 
deflection of the plate. It appears from this figure that the mesh of arbitrary 
quadrilaterals of Nll elements does not converge to the correct answers, in 
contrast to the rectangular elements. This of course does not constitute a 
proof of nonconvergence, but it shows the general trend. The fact that the 
incompatible element of arbitrary shape gives much better answers than the 
compatible element of parallelpiped shape is a small consolation since neither 
element converges. Fawkes 65 proved that the incompatible element does not 
converge for non-parallelpiped shapes, while Pawsey53 proved the same for 
the compatible element. The practical effect of this is to restrict the ap-
plication of these elements to parallelpiped shapes, or, if arbitrary shaped 
elements must be used in a general mesh, their number must be limited. 
6.2.3 Thin Plates 
a. Simply Supported Square Plates 
A series of plates were analyzed using the modified Ahmad1s shell 
element A13, the incompatible model. The purpose of these tests was to examine 
the effectiveness of the added incompatible modes in improving the behavior 
of Ahmad1s element for thin plates. The dimensions, loading, and material 
properties are 
Side length, a = 8 in. 
Uniform load, q = 1 lb/in. 2 
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Modulus of elasticity, E = 1 lb/in. 2 
Poisson's Ratio, v = 0, 0.3 
a/h = 16, 50, 100, 200 
where h is the thickness of the plate. Because of symmetry, only one quarter 
of each plate was analyzed. In every case a 2 x 2 mesh was used. The fol-
lowing boundary conditions were applied: 
1. Along the simply supported edges, the vertical displacement of 
the middle surface was completely constrained. 
2. Along the symmetry lines, the displacements normal, and the 
rotations parallel to each line were completely constrained. 
Selected results of the various computer runs are shown in Figs. 20 
to 22. In these figures, comparison is made with the results of Zienkiewicz, 
Taylor, and Too,s7 and with thin plate theory of Timoshenko. 66 These results 
demonstrate the excellent behavior of the incompatible element A13, and the 
beneficial effect of adding incompatible modes. 
The computations in this example, and for the remainder of this 
study were carried out in double precision on the IBM 360/75 computer at the 
University of Illinois Computer Center in Urbana-Champaign. 
b. Encastre Circular Plate 
Some of the test problems that were being considered had non-globally 
constrained boundary displacements. Also, it was contemplated that some of 
the meshes of the cylinder-to-cylinder intersection may have triangular elements. 
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The necessary routines to apply non-global boundary displacement constraints 
and to form the stiffness matrix of a triangular element were developed as 
explained in Chapter 5. This example is intended to demonstrate that these 
features were functioning properly in the program. 
Because of axial symmetry~ only a segment of the plate subtending 
an angle of 22.5 degrees was used. The finite element mesh had three A13 
elements, Fig. 23a. The plate was centrally loaded by a concentrated force 
P. Figure 23b shows the finite element solution for the deflection of the 
plate as compared to thin plate theory (Timoshenko 66 ). There is excellent agree-
ment between the two solutions everywhere except near the fixed edge where the 
finite element model tends to slightly underestimate the deflection. This is 
because 1/2 of the radius near the fixed edge is represented by a single ele-
ment which has a cubic variation of the displacement. The thin plate displace-
ment is given by 
w 
= 1 + 
r 2 (-) [-1 
a (6. 1 ) 
Even if we only take the first term in the series expansion of the logarithm, 
we see that the displacement varies as the fourth power of~. Clearly then, 
a 
over a large interval the difference between a cubic curve and th~ curve of 
Eq. 6.1 will be noticeable. 
6.2.4 Open Shells 
a. Simply Supported Cylindrical Roof Shell 
The flat plate examples considered heretofore served to establish the 
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validity of the basic assumptions incorporated in the formulation of the in-
compatible shell element A13. The present example was intended to examine 
the element behavior when it assumes a curved configuration. This particular 
shell structure has become a bench mark for testing numerical procedures of 
shell analysis--especially finite element. The standard solution was given 
by Scordelis and Lo.67 
The geometry and material properties are shown in Fig. 24. The 
shell is subjected to gravity loading of intensity 0.09 kips/square foot. It 
is supported in the transverse direction by two diaphragms, 50 ft apart. The 
longitudinal edges are free. The diaphragms are assumed to be inifinitel~ 
rigid in their own plane but completely flexible normal to it. The structure 
has two lines of symmetry, so only one quarter is analyzed. The displacement 
boundary conditions are (see Fig. 24): 
1. At the diaphragm, u = w = S = 0 
2. Along the symmetry line x = 0, u = S = 0 
3. Along the symmetry line y = 25, v = a = 0 
a and S are rotations of the middle surface about the global x and y axis, 
respectiv~ly. The results of the analysis are plotted in Fig. 25 to 29. 
These plots are indistinguishable from the results of Pawsey53 or those of 
Zienkiewicz, Taylor, and Too.57 
Beginning with this example, element stresses were calculated in 
the local shell coordinates. 
b. Simply Supported Hyperbolic Paraboloid 
This is another structure that is frequently used to test new finite 
elements. The standard solution is due to Chetty and Tottenham. 68 
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The geometry and material properties are shown in Fig. 30. The 
loading is 50 lbs per square foot of the projected area. The shell is sup-
ported by diaphragms on all tour edges. The global x and y axis are lines 
of anti symmetry. There is symmetry about lines at 45 degrees to the x and 
y axis. However, this fact was not used .. Instead, advantage was taken of 
anti symmetry, and only one quarter was meshed. The boundary conditions used 
are: 
1. At the diaphragms, displacements in the plane of a diaphragm 
and rotations normal to it were completely constrained. 
2. Along the line x = 0, the displacements and rotations parallel 
+n +ho 1.; ..... 0 ,.1011'0 I"'nrnn 1 o+n 1 \I I"'nnC" +""'0\'; V\nA 
vV vii\;'; I III\;.; n\;.;1 ~ \,VIIlP I \;.;v~ I.J \,VII.:J v, U IIII::U. 
3. Similarily, along the line y = 0, the displacements and rota-
tions parallel to the line were completely constrained. 
Figure 31 shows the deflected shape of the centerline of the shell, while 
Fig. 32 shows the variation of the moment M along the x-axis. Although 
x 
there is good agreement with the results of Chu and Schnobrich 37 ,38 for 
the displacement, there is some deterioration in the agreement when it comes 
to the moment. The results of the present study, however, show better agree-
ment with the results of Mohraz (not shown in the figure). Substantially more 
degrees of freedom,were utilized in the solution of Ref. 37 so the' comparison is 
biased to the Chu solution. With reduction in grid size this difference should 
disappear. 
6.2.5 ClosedShells-~Cylindrical Water Tank 
With the ultimate objective in mind of solving closed shell inter-
sections, this example was intended to test the program in a simple application 
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of a closed shell analysis. This problem may be viewed as an intersection of 
a cylindrical shell with an infinitely rigid flat plate. As such it provides 
a very simple and preliminary check on the anticipated behavior of the program 
in real intersections. The example was taken from the text by Timoshenko. 66 
The geometry, loading and material properties are depicted in Fig. 33. Since 
the structure is axially symmetric, only a segment of the cylinder subtending 
an angle of 10 degrees was meshed by a single line of 8 elements. 
The deflected shape is shown in Fig. 34, the variation of the bending 
moment with elevation in Fig. 35, and the variation of the hoop force in Fig. 
36. The finite element results in Fig. 34 and 35 are compared with value~ 
calculated from the formulas given by Timoshenko. The comparison in Fig. 36 
is made with analytical results given by Hetenyi. 69 
The finite element values for the deflection compare very well with 
the analytical solution. The same is true for the hoop force. The latter 
calculation is made as a further confirmation and a check on the validity of 
the answers since the hoop force is directly proportional to the deflection 
curve. Indeed, one curve may be obtained from'the other by appropriate scaling. 
This fact'is clearly manifested in the figures. The results for the bending 
moment seem to straddle the analytical values. The accuracy is within accept-
able engineering limits. Even with this coarse grid the element demonstrates 
the ability to adapt to rapidly varying stress resultants. 
6.2.6 Shell Intersections 
a. Simply Supported Folded Plate 
This is the simplest form of shell intersection. The geometry of 
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the intersection region is greatly simplified because the intersecting members 
are degenerate shells, i.e., flat plates. Nevertheless, the problem exhibit 
I 
all the major difficulties encountered in any shell intersection, namely, the 
difficulty of defining the normal at the junction, and the constraining of 
the rotation about the normal in each shell surface. In this example we examine 
the viability of the central thesis of this study which is to represent the 
intersection region by three-dimensional elements, and to use shell elements 
everywhere else. 
The geometry, and material properties are shown in Fig. 37. A gravity 
loading of 100 lbs per square foot was used. The structure is supported by two 
transverse diaphragms. The longitudinal edges are free. Only a quarter of 
the structure was meshed. The mesh consisted of 5 elements in the transverse 
direction and 4 in the longitudinal direction. Three-dimensional elements were 
located at the junction, and shell elements every where else. Boundary condi-
tions similar to those of the cylindrical roof shell were used here. 
The deflected configuration is shown in Fig. 38. Figure 39 shows 
the variation of the longitudinal force at midspan. This problem was solved 
by Conrado and Schnobrich 70 using the lumped parameter method. They alsQ'pre-
sented an elasticity solution calculated to the 7th harmonic. Comparison be-
tween the finite element solution and the solutions by Conrado and'Schnobrich 
shows excellent agreement between these methods. 
b. Spherical Shell with a Cylindrical Nozzle 
The cylinder-sphere intersection comes very close to the desired 
cylinder-cylinder intersection. In contrast to the folded plate, the inter-
secting members in this case are curved shells. The problem, however, is still 
76 
much simpler than the cylinder-cylinder intersection because of the presence 
of axial symmetry in the cylinder-sphere intersection. The kinship of the 
two problems affords one a relatively inexpensive test of the chances for 
success in solving the cylinder-to-cylinder intersection. 
The shells have the following dimensions and properties: 
Outside radius of the sphere, R = 5 in. 
0 
Outside radius of the cylinder, r = 2.5 in. 
0 
Thickness of sphere, H = 0.1 in. 
Thickness of cylinder, h = 0.05 in. 
Modulus of elasticity, E = 30,000,000 psi 
Poisson1s ratio, v = 0.3 
Internal pressure, p = 50 psi 
Only the upper hemisphere is considered in the analysis of the sphere. The 
sphere was considered rigidly fixed at the equator, and the cylindrical nozzle 
capped at the top. Axial loads equivalent to the effect of the end cap were 
applied to the top of the nozzle. Boundary conditions appropriate to axial 
symmetry were applied to the sphere and the nozzle along the lines of symmetry. 
The meridional lines of the structure are symmetry'lines., The top end of the 
nozzle was completely free except for the points on the symmetry lines. The 
finite element mesh consisted of 9 elements in the sphere and 5 in the nozzle. 
Again, the intersection region was modeled by 3D elements and the other parts 
by shell elements. Details of the cross section of the mesh at the junction 
is shown in Fig. 4lb. 
Hoop stresses at the outside and inside surfaces of the sphere are 
plotted in Fig. 42 as a ratio of the membrane stress. This ratio is known 
in the literature as the Stress Concentration Factor (SCF), or Stress 
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Intensification Factor (SIF). Similarily, Fig. 43 is a plot of the SCF in 
the cylinder. A value of 7 was interpolated for the maximum SCF in the out-
side surface ,of the sphere near the intersection from a graph in the book by 
Gill.7l The finite element solution appears to converge to the same value 
( Fi g. 42). 
6.3 Solution of Two Normally Intersecting Circular Cylinders 
Under Internal Pressure 
6.3.1 Preliminary 
All the preceding work was in preparation for the solution of this 
problem. Restating once again the central thesis of this study, that in 
order to adequately analyze a shell intersection, the three-dimensional 
character of the junction region must be taken into account in the analysis. 
The structure chosen to verify this thesis is an experimental model that was 
tested at the Oak Ridge National Laboratory.22 Extremely careful machining, 
instrumentation and measurements were followed that produced generally excel-
lent results. The experiment is well documented, and the results are pre-
sented in a form that facilitates comparisons. 
Prior to tackling the intersection problem, a need was felt for de-
termining the number of elements necessary around the circumference of the 
cylinder in order to reproduce membrane behavior. A very simple problem was 
solved representing a long cylinder with 5.0 in. outside radius under internal 
pressure. The excercise was carried out using the incompatible element A13 
and the reduced integration element A8R. The results showed that three A8R 
elements per quadrant were adequate to obtain the desired behavior, while it 
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was necessary to use nine A13 elements to converge. It appears from these re-
sults that the incompatible element obeys Morley restrictions, while the re-
duced integration element does not. L.S.D. Morl ey 72 showed that for elements 
having quartic variations of the membrane displacements the element size must 
be of the same order as ;-RH in order to have negligible errors in the solu-
tion of cylindrical shells. 
The data of the problem are: 
Outside radius of the cylinder, R = 5 in. 
o 
Cylinder thickness, H = 0.1 in. 
Outside radius of the nozzle, ro= 2.5 in. 
Nozzle thickness, h = 0.005 in. 
Modulus of elasticity, E = 30,000,000 psi 
Poisson1s ratio, v = 0.3 
Internal pressure, p = 50 psi 
For this type of loading the structure has two lines of symmetry. Advantage 
was taken of this fact and only one quarter of the structure was analyzed, 
Fig. 45. Boundary cond-itions appropriate to symmetry were applied along the 
symmetry "lines. The end of the cylinder was completely constrained against 
all displacements except those in the axial direction. The top end of the 
nozzle was subjected to axial loads equivalent to the effects of the end cap. 
Initially, the top end of the nozzle was left free to deform, i.e., 
no displacement constraints were applied. A peculiar phenomenon was observed 
when the problem was run. Good results were obtained everywhere in the cylinder, 
and at the junction in both the cylinder and nozzle. However, stresses in the 
nozzle farther away from the junction did not converge to the membrane solu-
tion as was expected. Instead they kept getting larger and larger. An examina-
tion of the deflections showed that the cross section of the nozzle was turning 
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into an oval shape. The diameter along the zero-degree line was elongating, 
while the one along the 270-degree line was shortening. In short, the nozzle 
was heading towards collapse by buckling. 
Valsov 73 described a similar phenomenon when he subjected one end 
of a cylinder to a set of self equilibrating axial forces, and left the far 
end free. Instead of dying out with distance as required by the St. Venant 
principle, the edge disturbance grew larger and larger until the cylinder 
collapsed in an oval shape. 
Since this phenomenon did not occur in the cylinder-sphere problem, 
it was concluded that it was produced by axial loads of different magnitudes 
at the base of the nozzle. To avoid this difficulty, it was decided to re-
strict all displacements of the top end of the nozzle with the exception of 
those in the axial direction. It is significant that the program predicted 
this stability problem. 
6.3.2 The Results 
The analysis of the cylinder-to-cylinder intersection was made with 
several meshes. Figure 45 shows the finest of these meshes. This mesh con-
tains 325 nodes, and 86 elements. This resulted in less than 1300 degrees of 
freedom for the entire mesh. Shell elements were used in both shells except 
at the junction, where three-dimensional elements (Section 4.2.3) were used. 
The three dimensional elements were connected to the shell elements by the 
transition elements (Section 5.3). The problem was solved once using the re-
duced integration element A8R and once using the incompatible element A13. 
The results of both solutions were practically identical. However it took 
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nearly three times as long to obtain a solution using A13 as it took to obtain 
a solution using A8R. 
The results are presented in Figs. 46 through 57. The finite element 
solutions are compared with experimental values. In making the comparisons two 
facts should be kept in mind: 
is 
1. The finite element stresses are evaluated at Gauss integration 
points. These points neither coincide with, nor lie on the same 
lines as the strain gage locations where the experimental values 
are measured. Nevertheless, the comparison is made between the 
two sets of values because it is felt that the points at which 
the various strains were obtained by the two procedures are suf-
ficiently close so their difference should be neglibily small. 
On the other hand this may be one of the reasons for the slight 
d;-fferenc~s between the finite element and the experimental values. 
2. The mesh used is by no means optimal with· respect to element 
sizes and shapes. Its refinement is adequate in the intersection 
region which is the area of greatest interest. Outside the im-
mediate vicinity of the junction the mesh is crude. However, 
this lack of refinement does not affect the results of the junc-
tion. Nor is it necessary to refine the mesh farther away from 
the junction to get a better picture of the stress in those re-
gions, since it is known that outside the neighborhood of the 
junction the membrane behavior prevails. 
With these points in mind it can be seen from the figures that there 
generally good agreement between the experimental and the finite element 
values. In particular, the agreement in the stresses in the nozzle near the 
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270 degrees line is noteworthy. A finite element solution using flat plate 
elements was included with the experimental results of Corum et ale That 
solution showed total disagreement with the experimental results. The present 
study confirms the findings of the experiment. The failure of the analysis 
using flat plates may be attributed to suppression of the sixth degree of 
freedom, i.e., the rotation about the normal. The introduction of the 3D 
elements at the junction is a significant factor in achieving the increased 
accuracy. It should be remarked here that total agreement between theoretical 
and experimental values is not always possible. Even a well performed experi-
ment, as this one was, can not escape the errors inherent in experimental 
investigations. Geometrical imperfections were noted in the model. Also, 
syrnnetrically placed points did not have equal stresses in many cases. Never-
theless, when all these factors are taken into account it is seen that the 
finite element model predicts the behavior of the actual structure to a re-
markable degree. The agreement should be considered a testimony to the skill, 
and diligence of the investigators' at Oak Ridge National Laboratory. 
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Chapter 7 
CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER STUDIES 
7.1 Conclusions 
Two sets of conclusions are presented as a result of this study; 
one set dealing with the shell intersection problem~ and the other concerning 
finite elements with incompatible displacement modes. 
7.1. 1 Shell Intersections 
A rational method of analyzing shell intersections is presented in 
this study. The method consists of the realistic representation of shell sur-
faces by curved shell elements, and the recognition of the true character of 
the state of stress that exists at the junction as three-dimensional. 
The representation of shell surfaces by curved shell elements over-
comes the shortcomings of their representation by flat plate elements. Using 
curved shell elements of the type developed in this study, it is now possible 
to represent a curved surface more accurately, and hence decrease the discreti-
zation errors involved in the use of small numbers of elements. The use of 
three-dimensional elements for the discretization of the intersection region 
avoids the difficulties that arise in representing that region by shell ele-
ments. These difficulties are discussed in Chapter l. 
The adequacy of the finite element model presented here is confirmed 
by the results of the three intersection problems discussed in the preceding 
chapter. After a careful study of th.ese results it is concluded that they 
support the thesis of this investigation. This conclusion is particularly 
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strongly supported by the results of analyzing the cylinder-to-cylinder inter-
section problem. 
7.1.2 Elements with Incompatible Displacement Modes 
The addition of incompatible displacement modes to the set of shape 
functions of low-order isoparametric elements is shown to improve their bending 
behavior dramatically. This improvement is achieved in an efficient manner 
which makes the low order incompatible elements competitive with higher-order 
compatible ones. 
The same conclusion regarding improvement in element behavior can be 
said about the present formulation of the incompatible version of Ahmad's 
element~ A13. It is shown in Chapter 6 that this element gives excellent re-
sults in a variety of situations. Its accuracy is practically identical with 
the reduced integration element, A8R. Even though A13 apparently requires a 
finer mesh than A8R to reproduce pur~ membrane behavior in a cylindrical shell 
under internal pressure, the two elements give practically the same results 
at the junction of the cylinder-to-cylinder intersection problem . 
. The major weakness of the incompatible element seems to be the time 
required for the formation of the stiffness matrix (about 7 seconds on the 
IBM 360/15, double precision) compared to the time for the reduced integration 
element (about 0.9 second). 
On the basis of experience gained from using the incompatible dis-
placements, the following conclusions are presented: 
1. With respect to isoparametric elements, the addition of incom-
patible modes to the displacement field is a rational and ef-
ficient technique to overcome the problem of inaccuracy of the 
low-order elements. 
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2. With regard to the superisoparametric (Ahmad's) element, the 
addition of incompatible modes represents a rational and a 
reliable method of overcoming the inaccuracy of the basic com-
patible element. Unfortunately, the present formulation is not 
efficient compared with reduced integration. There are two rea-
sons for this inefficiency: 
a. Because of the high order of the additional shape functions, 
the minimum order Df integration is 3 by 3. This alone re-
quires more than twice the time of a 2 by 2 integration of 
a reduced integration element, for the same number of stiff-
ness coefficients. 
b. In the case of the incompatible element, 2145 stiffness co-
efficients must be evaluated for each of 9 integration points. 
This compares with 820 coefficients for 4 integration points 
in the case of reduced integration. 
c. A 25 by 25 matrix must be inverted, then multiplied by a 
25 by 40 matrix. The result must again be multiplied by a 
40 by 25 matrix and subtracted from yet another matrix. All 
these operations, which take appreciable amount of time are 
absent in the reduced integration element. 
7.2 Recommendations 
The major impetus for this investigation and its main thrust is 
the development of accurate and rational method for the analysis of shell 
intersections, with particular attention to the solution of normally intersecting 
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cylinders. In the course of the investigation a considerable amount of time 
was spent in the development of incompatible displacement elements. With 
these facts in mind, the following recommendations are made. 
7.2.1 Recommendations for Further Studies of Shell Intersections 
The method developed in this study can be directly applied to the 
analysis of many types of shells and a variety of configurations of inter-
sections. For example, it can be used for the analysis of groins, non-radial 
nozzles in pressure vessels, tubular joints, etc. Other cases of loading, 
such as mechanical loadings, can be handled without much difficulty. 
Although the standard shell and three-dimensional elements were 
used in the cylinder-sphere intersection, it may be better to substitute 
axisymmetric elements with the same arrangement for this type of axisymmetric 
problems. 
The method may be extended to non-linear analysis using standard 
techniques now widely in use to study the various problems associated with 
non-linear material behavior. In this connection, the concept of layered 
systems developed,by Hand, Pecknold and Schnobrich,74 may be helpful in rep-
resenting the behavior of the shells near the junction, while several three-
dimensional elements through the thickness may be used at the junction. 
Since all the elements used in the analysis of the intersection have 
at least some shear deformation, the method may be used in the analysis of 
medium thick shell intersections. 
7.2.2 Recommendations for Further Studies of Shell Elements with 
Incompatible Modes 
Research should be directed towards finding suitable shape functions 
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that will render the desired behavior, yet be of low enough order so as to 
require no more than a 2 by 2 integration. The incompatible displacements 
should be the vehicle to carry the behavior modification while the reduced 
order of integration is merely a convenience. 
Another approach might be to use only the 4 corner nodes and some 
incompatible modes for the definition of displacements while retaining the 
full 8 nodes for the definition of geometry. 
Several other approaches have been suggested by Irons.6o 
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APPENDIX A 
DETAILS OF CALCULATIONS OF THE STIFFNESS MATRIX 
FOR THE ISOPARAMETRIC (AHMAD'S) SHELL ELEMENT 
The displacement field is described by, Eq. 3.5. 
) m m u . = [N (cS. + C;;cp. ] U 
1 la la a (A.l ) 
au 
The stiffness matrix, Eq.5.35, contains expressions of the form 8 13XQ 8 k 
au . qq p 
r and 8
sj axs
· 8
ri . These expressions can be formed in the following manner: 
p,q = 1,2,3 a= 1,2, ... ,5 k = 1,2 (A.2) 
Multiply in Eq. A.2 by 8q£, we obtain 
(8 J-l [~ (8 + ~ )Jm + 8 J- l [N~ Jm) um q£ qK a 9z pa C;;'t'pa q£ q3 't'pa a 
= 1,2,3 (A.3) 
where 
-1 a k JqK = ax q 
Noting that 
-1 . A- - 1 ,2 (A.4a) 8 J- = £ = q£ qk· £k 
-1 8q£ Jq3 = A£3 (A.4b) 
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and substituting Eqs. A.4a and A.4b in A.3 yields 
Performing 
Therefore 
8 au q~~ 
ax q 
the sum on 
RI!' A--= ~ .Q,k 
k, we have 
aNm 
a k 
Multiply Eq. A.6 by 8pk ' we obtain 
au 
(A. 5) 
(A.6) 
8 .~ 8 q n "I k >V a Xq P 
(8 k [Rn (0 + s¢ )Jm + 8 kA33' 03 n (N¢ )m) um p >V pa pa p >V pa a = 
Now, introduce the following definitions 
em __ R~ 8 o - - 1 ,2,3 pk a = ka~ Q, pa 
m RI!' m * G *- - = 8 ¢pa* a = 4,5 k,a -3,~ ~ pk 
Substituting these definitions in Eq. A.7 we get 
au 
8 -p 8 q~ aXq pk 
[ em - - (s Gm *. - + om * 0
3 
n ) ] ka~. k,a -3,~ k,a -3 >V 
m 
u-
a 
m 
u * a 
(A. 7) 
(A.B) 
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Similarly 
m 
au Us 
r [n ( n n )] e . -') - e. = C. (5"':' r,:G. '* 3 -;- + D. Q* 3 03Jo n SJ oXs r1 1tJJ 1,p- ,J 1,tJ - u
s
* 
(A.9) 
I 
The material properties tensor, E· v\lith 0" = 0, and the transverse shear terms 
n 
divided by 1.2, has the following form 
0 11 
0 0 11 1"":2 
0 0 11 
E = 
;..2 
;..- ;"+211 0 0 0 x
2 
Symmetric ;"+211- --' -A+211 
I 0 0 0 0 11 
1 
0 1:2 
11 11 ~ 0 0 0 0 0 1 1:2 1:2 
I 0 0 0 0 0 -L 0 ~ 1 .2 1 .2 I 0 0 0 0 0 0 0 0 0 L "......J 
(A.10) 
O~ using the Kronecker delta 
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i,j,k,Q, = 1,2,3 i,j,k,Q, = 1,2 
(A.ll) 
After substituting Eqs. A.8, .A.9 and A.ll into Eq.5.35, and carrying out a 
considerable amount of algebraic ma~ipulation, we arrive at the following 
expressions for the stiffness matrix 
1 1 
K~~ 2AlJ r I m n I J I d Ejjn = 2{ J c--- c3s3 as A + 2lJ Q,aQ, 
-1 -1 
1 1 
I I n n) m 5 m n ] I J I d E;dn } + lJ [(C-:-s- + C]B-;- C-;--- + - C -- C3Si 1 Q, 1 laQ, 6 3aQ, 
-1 -1 (A.12a) 
1 1 
Kmn 
I::: r I cm __ D~ * as* 2 x ::!... J IJI dE;dn (A.12b) 6 3aQ, Q"S-3 
-1 -1 
1 1 
Kmn 5 
r I n D~l * a*S = 2 x - j C363 I J I d t;dn (A.12c) 6 j,a -3 
-1 -1 
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1 1 
mn £ { 2A11 r J 
m n 
IJ/ d~dn Ka*6* = J G- * - G- * -3 A + 211 £,a -3,£ £,S -3,£ 
-1 -1 
1 1 
5 
J J 
m n IJI d~dn + 11[ - Di,a*-3 0- * 3 2 £,6 -
-1 -1 
1 1 
+ J J m . m (G- * ~ + G~ * -£,a -3,J J,a -3,£ G£ 6*-3 ~ IJI d~dn , , J 
-1 -1 
1 1 
+ t J I 
-1 -1 
m' n 
G * - G * -3,a -3,£ 3,S -3,~ IJ/ d~dnJ (A.12d) 
In Eq. 12 the variation of 8 with s was neglected, which permitted explicit 
integration in the ~-direction. 
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APPENDIX B 
TRANSFORMATION OF THE FIVE SHELL DEGREES OF FREEDOM 
TO SIX THREE-DIMENSIONAL DEGREES OF FREEDOM 
For the shell, the displacement field of the superisoparametric 
element is given by, 
l~ 8 = L N. 
lw 
i = 1 1 
/ 
lu I m 
1 :: i 
8 C;;h. 
+ L Ni ~ [a 
i=l 
( -. 
I I 
! a ! 
-bJ \ ? 
I S I 
L J i 
(B.1 ) 
where u , v , and ware displacements of the middle surface. Now, at a node 
m m m 
i in the middle surface of the shell we have 
= + ~l:!. [a 2 (B.2) 
Evaluating Eq. B.2 at the top and bottom surfaces of the shell, respectiv~ly, 
we obtain 
= 
= 
h + - [a 2 
h 
,- - [a 2 
(B.3a) 
(B.3b) 
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Adding Eqs. B.3a and B.3b yields 
( 
I um ut ub 
2 ~ vm = vt + vb 
l wm Wt wb 
( 
or, ut 
1 0 0 ·1 0 0 vt u 
"2 "2 III 
= 0 1 1 0 1 0 
wt (B.4) v 
"2 "2 "2 m ub 1 
wm 0 0 0 0 0 "2 vb 
wb 
Subtracting Eq. B.3b from Eq. B.3a we get 
ut ub 
-b] [: 1 Vt Vb = h [a 
Wt Wb 
or 
Ut 
. 1 v 
0 0 0 0 t h h Wt 
-b] f: } 1 -1 0 11 0 0 11 0 Ub = [a (B.5) 
0 0 1 0 0 -1 vb 11 II 
....... 
wb 
Multiply Eq. B.5 by [_:; }-, we get 
I 
r 
s 
a2 a3 
11 11 
-b2 -b3 
11 11 
Combining Eqs. B.4 and B.6, we obtain 
Or 
where 
w 
m 
s 
l 
I 
) 
o 
= 
o 
1 
"2 
o 
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o 1 
"2 
o 
o 
Us = the five shell displacements 
o 
1 
"2 
o 
0' 
o 
1 
"2 
u3 the equivalent six three-dimensional displacements 
T = the transformation matrix in Eq. B.7 
(B.6) 
(B.7) 
(B.8) 
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